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•Money Demand in a Flexible
Dynamic Fourier Expenditure
System

Jr
A N WELL-KNOWN SURVEYS of the growing
literature on expenditure systems, Deaton and
Muellbauer (1980) and Pollak and Wales (1992)
describe many of the shortcomings of the exist-
ing work in this genre. Among the problems
they list that inhibit the acceptance of these
methods, the ones that seem most critical to us
are (1) the failure to link theory to application,
(2) improper aggregation techniques, (3) impre-
cise estimation of partial derivatives, (4) the
failure of locally integrable models at some
data points and (5) the misspecification of the
dynamics. We can address several of these
problems by extending the Fourier Flexible Form
of Gallant (1981). Most notably, his technique
provides global flexibility and arbitrarily ac-
curate estimates of partial derivatives. In fact,
the technique is capable of approximating the
unknown function (an aggregator function, for
example) to any desired degree of accuracy The
version of the Fourier model in current use,
however, is static in nature, which inhibits its
application to time-series data; in particular,
studies by Gallant (1981), Ewis and Fisher (1985),
and Fisher (1989, 1992), all employ the static
model and all produce residuals that are not
white noise for each share; see also Barnett,
Fisher, and Serletis (1992). This may be due to
inadequately modeled dynamics; in fact, there

are no examples of a dynamic Fourier in the
literature. The task of this paper is to produce
and evaluate two dynamic alternatives in the
context of the Fourier model.

In the traditional literature on consumer
choice, the indirect utility function is approxi-
mated by a specific functional form in order to
obtain expenditure shares and estimates of the
important own- and cross-elasticities. One might
attempt to estimate a parametric model, of
course, but the results of such exercises have
not been satisfactory. The chief problem has
been model failure, partly related to the choice
of specific (nonflexible) functional forms. lb
finesse this problem, a flexible functional form
can be employed in order to estimate the un-
known indirect utility function. Diewert (1974)
defines a flexible functional form as a second-
order approximation to an arbitrary twice con-
tinuously differentiable function f(x) at any
given point ~ ; the popular translog is an exam-
ple. The difficulty, however, is that this defini-
tion, and the resulting approximation, fails to
impose precision on the partial derivatives of
the function. Indeed, it is well-known that away
from the point of approximation, the translog
can perform quite poorly in its task of tracking
the unknown function. The result is imprecise
estimation of the expenditure shares.
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Gallant (1981) developed the Fourier flexible
form in order to approximate the unknown
indirect utility function and its first derivatives
arbitrarily accurately within a Soholov norm.
The first derivatives are important since the
expenditure shares are derived by differentia-
tion. The Fourier model, with its global proper-
ties, can then provide integrability over a finite
region for the estimated model, assuming con-
vergence. In particular, since integrability nor-
mally implies a convex closure over a finite
region, one can presume desirable separability
properties for data examined under the Sobolov
norm. This contrasts, as noted, with the possible
lack of closure on procedures that provide an
approximation only at a single point in the data
space; in particular, it contrasts with locally in-
tegrable models (such as the franslog).

In this paper, we produce two versions of the
dynamic Fourier expenditure system; these are
then compared with the static model in various
ways. In section two we briefly discuss the
static model before going into considerable
detail over what we will be calling the “time-
series approach” to making the Fourier model
dynamic. This basically follows the lead of
Anderson and Blundell (1982, 1983), whose
results are both well-known and have been
applied in the literature on tiexible functional
forms (see Serletis, 1991). In section three, we
continue with a second version of the dynamics,
this time involving the construction of the
dynamic Fourier utility function. We term this
the “dynamic utility function approach:’ In sec-
tion four, we present examples of the two
dynamic models in order to clarify the ideas
and explain the notation. It is here possible to
establish clear distinctions between the models
in the context of the Fourier. In section five, we
go over the procedures used to prepare the
data, arid in section six, finally) we discuss
estimates of the two dynamic models that utilize
the 11.5. data previously described. We also
discuss how the two models perform in com-
parison with their static equivalents. Our con-
clusions follow.

A
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Following Gallant (1981), the static Fourier flex-
ible form approximation of an indirect utility
function h(v) may be written as

where

= — a,~k~k’~and = a1,

a0, a00 and b are real-valued, and v is a vector of

the expenditure-normalized user costs of the
particular assets involved in the exercise (Gal-
lant, 1981). In this expression the overbar denotes
complex conjugation and i is the imaginary
number. A multi-index k, is an n-vector with
integer components and is used to denote par-
tial differentiation of the utility function (see the
example in section four). The elements of a multi-
index can be considered to be the weights (when
multiplied by v) of the normalized price indexes.

In an empirical investigation, it is actually
more convenient to work with a sine/cosine for-
mulation rather than the exponential just writ-
ten and so the following form is generally
employed:

(2) hjv,6) = + b’v + L v’Cv

A
U

a=1

in which

J

+ 2 ~ ~10c°~ (Jk:v) — wsin (jk’v)]
j=1

A
C = — ukk’.

a=1

After differentiating equation 2 and applying
Roy’s identity, Gallant arrives at the following set
of equations:

v1b1 — L (u00v’k0 + 2 ~ jEu10sin(jk,v) + u~0cos(jk~v)})k,.0iç

(3) y. (i~8)=
a=1

A
b’v — ~ (rç,v’k~+ 2 L + w10cos ~k~v)])k~v

a=1 j=l

A
(1) h~(v,O)= a0+b~v++v’Cv+E

cc=1

~1

~
I = —j

j
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for i = i,.., a expenditure shares. This system
is what is estimated with a vector of error
terms appended. Equation (3) can be more
compactly expressed as:

(4) y,., = f6~,O).

Note that we have attached a time subscript in
order to emphasize the static nature of the
equations. This completes the discussion of the
static Fourier Flexible model.

Consumption, monetary and production the-
ories use past variables—in the utility [unction,
in the constraints, or by time-series methods—
to model habit persistence, adjustment costs
and/or expectations. In a demand systems ap-
proach, incorporating dynamics in any of these
ways complicates the calculation of the restric-
tions, which still must hold. In the following ex-
ercises we present results for the time-series
function and, in section three, for the utility
function. We present the models first, including
with each a discussion of the restrictions, before
presenting examples of both.

For the time series model, applying an ARMA
(p,q) directly to equation (4) is one approach
toward modeling the dynamic behavior of the
consumer. This approach is taken by Anderson
(1980) for the special case when f(v,6) is linear
in the expenditure-normalized prices v, and the
parameters 0. He shows that adding up, as the
direct result of adopting the ARMA approach,
implies four additional restrictions. Anderson
and Blundell (1982, 1983) extend the results for
the case in which f(v,,0) may he nonlinear in the
parameters but linear in the normalized prices V
i.e., flv~,6)= n(0)v,. When applying an ARMA~,q~
to equation (4), they can extract a term, y, —

n(6) v,0, the gap between the shares lagged p
periods and normalized prices lagged q periods,
representing the long-run structure for a system
of simultaneous equations. This approach is not
applicable when the matrix n(S) cannot be ex-
tracted, as is the case with the Fourier flexible
functional form; as a consequence, we use an al-
ternative appr-oach for analyzing the long-run
structure. First, an ARMA(p,q) is applied to equa-
tion (4). The result is:

(5) A(’IJy, = B(L)fñz,,0).

Here, where L is the lag operator, the terms
A(L) and B(L) represent the following distributed
lags

A(L) = I + A1L + A,L’ + . + A,,L~

B (I,) = I + B,L + B,L’ + ... + B,7J~

Consider the following ARMA(1,1):

(6) y, = A~y,,+f(v,,0) + B~f(v,,,W+ e,.

As in Anderson and Blundell (1982, 1983), the
addingup restrictions require a transformation
A of A, where the columns of A must sum to
zero, and a = a,1 — a,, for i=I,...,n and

I=Z...,n-I. Similar restrictions for the matrix B
apply. In sum, then, the dynamics appear as
lagged shares y,, and lagged normalized prices
V

THE DYNAMIC UTILITY

FUNCTION APPROACH

Individuals are unlikely, generally, to be able
to adjust their consumption plans ins tantaneous-
ly. Rather than apply an arbitrary lag to the
shares derived from a static optimization exer-
cise, an attractive alternative is to allow past
behavior to affect current decisions directly
through the utility function. We can define the
set of past decisions on a commodity to be an
n~1vector of shares (s) that are functions of all
past values of v:

(7) s = f(v,,) for r=I,..,n-I.

Here, each share depends on its own lagged
normalized price and the lagged normalized
prices of the remaining n-I shares. In this case,
the representative consumer’s dynamic indirect
utility function can be expressed as

(8) U =

where v = P/M and s represents the dynamics.
M is total “expenditures” on this class of assets.
This is, in effect, a structural approach for
obtaining dynamic shares since the dynamics
are embedded in the decision process rather
than appearing as dynamic extensions of the
static shares (as in the time-series model). It
produces a new version of the Fourier model,
accordingly. To begin with, we will let s =

so that each share depends on its own lagged
value as well as on lags from the remaining n-I
shares.
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(9) g~(z,O)= u,, + b’z +

and

— a~iv00K0K’0

Parallel to equation
model as

normalized prices. In the dynamic utility func-
tion model, the dynamics enter only as lagged
normalized prices in each of the share equa-
tions. The dynamic models can he more clearly
compared with an example, which is what we
now present. Note that we use what are termed
“multi-indices” in the process of estimating the
Fourier model. This is a notational convenience,
as we have explained, for expressing the partial
differentiation of the indirect utility function
and can be considered as weights (linear combi-
nations ka’v) of normalized prices.

In this example we will be looking at four
share equations, with A=4 and j=I in the Fouri-
er model. The multi-indices used for the time-
series approach, assuming an ARMA(1,0), are:

where i = I,.,n. This can he more compactly
expressed as

(12) y, = J’(v,,v,,,OL

In this model, adding up is guaranteed, and no
additional restrictions need to be applied at the
estimation stage.

EXAMPLES OF’ TH.E TWO MoDELS

In the two models just presented, the dynam-
ics are captumd in quite different ways For the
time-series approach, the dynamics enter in the
form of lagged shares and lagged expenditure-

Note that V defines the four expenditure-
normalized prices. The multi-indices are set up
in the same way as in Gallant (1981) and one
must be careful, when taking partial derivatives,
to ensure that the corresponding k

10
is used. In

this example, the first element of each of the
multi-indices, zero or one, corresponds to the
first element in V this is the normalized price,
V,r Since the dynamics are modeled by adding
lagged expenditure shares, the dimension of the
multi-indices, which only appears in fX%~,8)in
equation 5, stays the same when one moves
from the static to the dynamic time series
model.

The dynamic Fourier Flexible Form is defined as

A j

!z’Cz + ~
2 ci=1 1=—i

z = ~ -

2, we may express the

(10) g(z,O) = a, + b’z + Iz’Cz

+ 2~ (vcos(jk’z) — w. sin (jk’,z)I),

in which
A

uKK’
a=I on a a

In this formulation, a multi-index is now a 1 by
(r+ 1) (ii) vector with integer components; in
the static case, it was 1 by (mU. Here, r is the
number of lags. The dynamic shares for this
problem are obtained by applying Roy’s identity
to equation 10:

A i
— ~ (u,,z’k, + 2 L J[usinVkz) +

a=I j=I
(11) y~=

k,,
k20

=

Io~ Ii)
Iol IoI

where k, = hi, ~<2 =

ul ol

Iol

Ii! Ii!
k = rOt k4 = Ni with v =

‘ \~/‘
Va,
V4 -

n~cos(jkz)}) k~z~

A .1
— ~ (a,,,z’k, + 2 ~ j5lli~/(

a=1 j=1

+ ~,cos ~k~z)])k,z
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On the other hand, in the dynamic utility ap-
proach, the inclusion of lagged normalized
prices increases the length of each multi-index
[see f(v,, v,,,0} in equation 12]; we use the fol-
lowing eight indices, accordingly:

‘IL 0 1 0’
0 1 0 0
1 1 1 0
0 0 1 1
0 0 0 0

= 0, k,= 0~k,,= 0, k~= 0
0 0 0 0
0 ,0 U ,0

0 Ui 0’ 0
0 0 0 0
0 0 0 0
0 0 0 0

1 0 0 0
k,= 0, k~= 1, k7= 0, k8= I

0 1 1 1
LI 0 1 ii -

In this case the vector of normalized prices is

= Iv,,, v,,1 V,,, V
4

,,V
4

, ,,V,, — ,, V.,, — ,,V
4
,

The first four elements of each k, correspond to
the static part of the vector z and the last four
elements of each k,, to the dynamic elements of
z. ‘I’his separation of multi-indices enables one
to test the static against the dynamic utility
function because each multi-index has an as-
sociated parameter.

TIlE CONSTRUCTION OF OIYISIA
MONETY%.RY AGGREGATES

Most of the studies of money demand in the
literature employ monetary aggregates that are
simple sums of their components (for example,
Ml = Currency plus deposits) and are constructed
essentially without benefit of index-number the-
ory While simple-sum aggregation might serve
policy makers well when interest rate fluctuations
are relatively mild, it is at a disadvantage when
the relative interest rates on the monetary com-
ponents fluctuate significantly. A Divisia index is
an alternative approach for aggregating data that

is based directly on economic theory The
Divisia index, indeed, is designed to internalize
the substitution effects (at constant utility) that
arise from relative price changes. In fact, the
simple-sum index cannot produce this result un-
less the components of the proposed aggrega-
tion are perfect substitutes. We have reason to
believe this is not the case for the monetary
aggregates in common use.

having a satisfactory procedure such as the
Divisia does not, however, tell us exactly what
set of assets to consider or how to group the
subsets of the data for efficient estimation. A
procedure that is available is the linear NONPAR
program of Varian (1982, 1983), which is based
directly on the Generalized Axiom of Revealed
Preference (GARP). Satisfaction of GARP on a set
of data implies that there exists a non-satiated,
concave, monotonic utility function across that
particular set. Such a set of data, if it exists, can
be examined for logical groupings, again using
the program NONPAR. If such groupings can be
established—that is, if weak separability holds—
then, according to the Leontief-Sono definition
of separability, the marginal rates of substitution
between any two commodities in the monetary
index are independent of changes in relative
prices outside the monetary group. This group
is then available for (Divisia) aggregation.

On the quarterly U.S. data from 1970:1 to
1985:2, Swofford and Whitney (1987) have con-
structed a set of real per capita measures of
monetary quantities and a set of related nominal
user costs to represent the prices of these quan-
tities. With Ml denoting narrow money (ex-
cluding the deposits of businesses); OCD, other
checkable deposits; SD, savings deposits in finan-
cial institutions; and STD, small time deposits in
financial institutions, they find that the follow-
ing arrangement passes the necessary and suffi-
cient conditions for the General Axiom of
Revealed Preference:

U[V(DUFI, NONDUR, SERV LEIS), Ml, OCD, SD,

STDI.

Here, the first three items in the equation refer
to components of total consumption, while LEIS
refers to leisure (evaluated at the wage rate) -

Note that SD and STD describe vectors of the
liabilities of the various financial institutions
(for example, SD = small time deposits in corn-

MARCH/APRtL 1994
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mercial banks, S&Ls, and so onA1 Also, notice
that in the arrangement just listed, the con-
sumption and leisure activities are separable
from the financial assets but not the converse.
This implies the existence of an aggregate utility
function defined across these monetary entities
(for this time and place).

Because of the failure to establish a sub-
grouping of the monetary assets, it proves
necessary to work with the following four
aggregate commodities:

MI, OCD
SDCB, SDSL, SDSB, SDCU
STDCB, STDTH, STDCU
DUB, NONDUR, SEBV LEIS.

Here, SDCB and so on are savings deposits at
commercial banks, S&Ls, mutual savings banks
and credit unions, while STDCB and so on are
small time deposits at commercial banks, thrifts
and credit unions. To attempt to preserve the
economic characteristics of this set of data up
a third-order remainder term, Divisia index
numbers are constructed from the individual
quantities and their associated user costs; these
are designated as Al A4. Note that Mt and
OCD are summed for convenience; this can be
justified by further noting that the correlation
coefficient between the user costs of these two
hems is .994.

Putting all the pieces together, then, we have
monetary data (and user costs) that satisfy an
empirical test for revealed preference, we have
aggregated the data in a way that is designed to
preserve their economic characteristics in the
face of changes in relative prices and, finally, we
propose to estimate the elasticities using a
model which can come arbitrarily close to the
elasticities implied by the true (but unknown)
aggregate indirect utility function known to be
defined (by the GARP test) over these entities.
Note, especially, that satisfaction of GARP im-
plies that there is a firm link between the in-

direct utility that is actually estimated and the
underlying utility function that actually gener-
ates these data.

El1’IPIRICAL RESUUFS

In our empirical work, we compare the results
of the estimation of the three systems: the stat-
ic, the time series dynamic and the utility fun-
ction dynamic. Because the static theory is
nested in each of the two dynamic theories, we
present the results in that form. The compari-

Al sons are in terms of the significance of the
AZ coefficients, the characteristics of the residuals
A3 and the relevance of the dynamic formulations
A4 using the results of the Gallant-Jorgenson (1979)

chi-square test. Unfortunately, the two dynamic
approaches are not nested, so that we cannot
compute a Gallant-Jorgenson test statistic. We
do, however, offer a comparison utilizing the
other statistics just mentioned. As it turns out,
neither model has a clear advantage, although

to we do prefer the dynamic utility model in view

of its economic properties and adequate perfor-
mance. We also offer some comparisons with
earlier work that utilized the static Fourier
model over the same data space (Fisher, 1992).
Here, there are dramatic differences in the esti-
mated elasticities of substitution; we believe the
dynamic results (utilizing the estimates from the
dynamic utility approach) are considerably more
reasonable than the earlier static results.

The share equations, with the across-equations
restrictions, were estimated in the SAS system
using PROC MODEL with nonlinear seemingly
unrelated regression. The results for the dynam-
ic time-series model appear in lIable 1.

In this table, the Bs correspond to the quadratic
terms in the Fourier Flexible Form, the Us and
Vs to the Fourier series expansion, and the As
to the lagged shares y,,.

These results describe reasonable fits, with tO
of the 12 adjustment parameters (A,

1
) having t-

1The original variables were supplied by the Federal
Reserve and appear in several publications by Farr and
Johnson (1985a, 1985b). In this study, the monetary data
are employed in per capita real form (where the latter is
achieved by deflation with the CPI). SD represents savings
deposits in commercial banks, S&Ls, mutual savings banks
and credit unions, while STD represents the small time
deposits of the same institutions. OCD is other checkable
deposits and includes NOW accounts. See Swofford and
Whitney’s two papers for more details on the construction
of the data.

As discussed in Swofford and Whitney (1987, 1988), the

data were prepared as follows. Each monetary asset is
deflated by the consumer price index for urban areas.
OCD includes super NOW accounts. The user cost is the
concept defined by Barnett (1978). For leisure, the quantity
is 98 hours less average weekly hours worked during the
quarter (times 52). The wage rate measures the opportuni-
ty cost of time. The consumption figures are taken from
Department of Commerce data that also provides the im-
plicit deflator for each category. A 10 percent depreciation
rate is used in calculating the one-period holding cost of a
durable good.

FELD’ER,AL,. RESERVE 54.45 c,Lr ST.
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Table 1
Time Series Model: Dynamic Fourier Flexible Functional Form

Nonlinear StiR summary of residual errors
OF OF Root Adjust

Eqn model error SSE MSE MSE square fl-square

SMI 9 53 000438 00000827 0.00909 0.915 0.902
SM2 9 53 0.01650 0.0003113 001764 0.848 0825
SM3 9 53 0.02445 0.0004613 0.02148 0.923 0.912

Nonlinear SUR parameter estimates

Approximate standard Approximate

Parameter Estimate error “T” Ratio prob>ITI

Bi 0175462 008184 2.14 0.0357
B2 0.007578 0.25542 0.03 0.9764
B3 0.448512 0.15285 2.93 0.0049
U01 —0.007955 002828 0.28 0.7796
U11 —0009762 0.00710 1.37 0.1752
Wil (1023864 (102545 0.94 (13526
All 0419255 007229 5.80 0.0001
A12 0259118 0.03873 6.69 0.0001
A13 0.197632 002071 9.54 0.0001
A14 0190888 0.04239 4.50 OflOOl
U02 0014187 0.01355 1.05 0.3000
U12 0.011554 0.01015 1.14 0.2599
W12 —0019444 0.00809 2.40 0.0197
A21 1.000371 0.13602 7.35 0.0001
A22 0.958742 0.06774 14.15 0.0001
A23 —0034480 0.03080 1.12 0.2680
A24 0.766254 0.08967 8.55 0.0001
U03 0.020581 0.00692 2.97 0.0044
tJl3 —0.002235 0.00216 1.03 0.3062
W13 0.002259 0.00146 1.55 0.1272
Mi 0.572904 0.11232 5.10 0.0001
A32 —0.381781 0.07622 5.01 0.0001
A33 0.276142 0.04249 650 0.0001
A34 —0.119175 0.08974 133 0.1899
1)04 —0.009973 0.00554 1.80 0.0778
1)14 —0.000714 0.00236 0.30 0.7638
W14 0.000171 0.00287 0.06 0.9527

N = 62
Obiective = 2.0164
Objective*N = 125.0495
The Aij represent the dynamics.

values in excess of 2. Note that it is the surfaces provide a comparison with the static equivalent
of (&I&4g*(x) and (0~IThv&x’)gt(5~)that one of the time series model. The test statistic uses
aims to estimate accurately; it is not required the value “ohjective* N” in the table. For the stat-
that all parameters be significant. The coeffi- ic model (the estimates are not shown here), the
cients capturing the dynamics tend to be the value of this statistic is 527.9597; for the dynam-
most significant parameters. We also calculated ic it is 125.0495 as shown in the table. The
the autocorrelation and partial autocorrelations value of the Gallant-Jorgenson statistic is then
for each of the three share equations; the 527.9597-125.0495 = 402.9102 with degrees of
residuals here were white noise. In order to freedom equal to the difference in the number
compare the dynamic and static results, we of parameters, of 27-15 = 12. This calculation
apply the Gallant-Jorgenson chi-square test to decisively rejects the static model.



Table 2
Utility Function Model: Dynamic Fourier Flexible Functional Form

Nonlinear StiR summary of residual errors
OF OF Root R- Mlust

Eqn Model Error SSE MSE MSE Square fl-square

SMI 9 53 0.01057 0.0001995 001412 0.796 0765
SM2 9 53 001885 00003556 001886 0826 0.800
SM3 9 53 0.03803 0.0007175 0.02679 0880 0862

Nonlinear StiR parameter estimates

Approximate standard Approximate

Parameter Estimate error “T” ratio prob iii
81 —0.163039 0.38557 042 0.6741
B2 1187580 032865 aei 00007
B3 —1.028066 0.35163 292 0.0051
1)01 0016757 0.03275 051 0.6110
Ull 0.002319 0.01498 0.15 08776
Wit 0.027816 0.02235 1 24 0.2187
005 0002500 0.02955 0.08 0.9329
UlS 0.009921 001450 068 04968
W15 —0.064331 0.03009 2 14 0.0372
002 0111290 0.03773 2.95 0.0047
U12 0.061322 001864 ~29 0.0018
W12 0.022699 0.01756 1 29 0.2023
006 0008559 001160 0.74 04637
016 0.006524 0.00869 075 0.4561
W16 0001616 0.00993 0.16 0.8713
U03 =0.006461 001692 0.38 07041
013 0.006416 0.01338 0.48 0.6335
W13 —0113939 0.00800 142 0.1604
007 —0013340 0.01127 1.18 02419
017 0000898 0.00873 010 0.9185
W17 —0016214 0.01118 1.45 01530
004 —0.070695 001156 612 0.0001
U14 —0.010984 0.01223 090 0.3730
W14 0070924 000896 7.91 00001
U08 0123303 0.00850 1 45 01530
018 0024230 0.01013 2.39 0.0204
W18 0020177 001199 1.68 00982

N = 62
Objective = 2 3732
Objective N 1471362

I he dynamic utility model features interaction The residual sum of squat es from the dynamic
among the asset choices over time. This charac model is less than half the size of those oh
ter istic distinguishes the dynamic utility system tamed from the static model.
from the time series approach. for this model
the results are not quite as satisfactoi v as those Quite often, the methods discu sed to this
just git en. the follot~in Table 2. Hei e, the B- point ~ ould be applied to s stems of demand
squares ate sh$htly lower, the objective N statis equations, as they are het e. 1% hile the estimated
tic is higi er, and there are fewer significant structural equations themsel~esmight he of in-
pat -ii eter - The static Fourier is nested nithin t re t and for th dynamic \ersions presented
the dynamic utilit~function in terms of the here they c uld be used to generate foreras s, a
multi-indexes (see section fout). C onsequenth, h ph al concern is the elastici of suhsttution

e analyze the -eduction in the residual due to amor g the as ets. 1% hat the ouriet pro\ des in
the dynamic pe ifica ion ( e G-tlla it, 1981) tI is connection is precis e timates of a set ot
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own- and cross-elasticities of substitution (and
income) at each data point. This can reveal the
nature of the substitutability or complementari-
ty among the assets and the time-series behavior
of this concept.

While we do not wish to explore the fine
points of the data set just examined, a further
illustration, because it reveals an important
characteristic of the dynanuc models, is in ord-
er. For the more interactive dynamic utihty
function model, Table 3 presents the estimates
of the Allen partial elasticities of substitution
among the four commodity bundles studied
het-e. In the table, E~is the elasticity of substitu-
tion between Ai and Aj. The Fourier Flexible
Form provides a global approximation and hence
we can calculate the asymptotic standard errors
for each elasticity (Ed) at each point in time and
then evaluate the significance of the estimate.
The hf in the table are the corresponding t-

statistics for EU.

Here, we show a complete set of substitution
elasticities along with their associated t-values.
Note that a positive value for the elasticity indi-
cates substitution, while a negative indicates a
complementary relation.

Several things stand out in lIable 3. Most im-
portantly, the elasticity of substitution between
cash and savings assets (E12 in the table) and
between cash and time deposits (E13) are very
precisely estimated at all data points. This was
not the case for static estimates published else-
where (Fisher, 1992). While we cannot say a pri-
ori what value of the elasticity of substitution is
high, an elasticity over unity, as most are in the
first column of the table, could be termed “elas-
tic?’ Note that the result here is that cash and
sayings accounts are substitutes, as many would
expect on the basis of intuition.

More provocatively, however, cash and time
deposits appear to be “elastic” complements.
This spells trouble for a simple-sum M3 defini-
tion of money, if these results are correct, since
the simple-sum approach to aggregation treats
all components as (perfect) substitutes. Clearly,
we are not in a position to doubt our results.
We have adopted a rigorous aggregation-theoretic
appi-oach and tied the empirical work to that as
closely as our data would permit. In fact, the
very theory we are using can he invoked in our
defense: Economic theory does not say whether
commodities will be substitutes or coniplements
in practice. That is, in practice, economic agents
decide what assets are substitutes and what are

complements. Our results indicate that they use
cash and time deposits as if they are comple-
ments, at least over this data sample. We also
should point out that this is not an unusual
finding in this literature (see the survey in Bar-
nett, Fisher and Serletis, t992).

Another interesting finding, and one that
demonstrates the power of the dynamic ap-
proach, is that the elasticities shown in Table 3
are much more stable than those obtained from
the static model. For this comparison, we refer
to the elasticities produced in the static Fourier
from the same data set, as published in Fisher
(1992). In Figure 1 we show the results for the
substitution relation between cash and savings
deposits. Note especially that the two series are
scaled differently, an adjustment necessary be-
cause the static estimates fluctuate so wildly.
While both series are generally positive (indicat-
ing that they are substitutes), the static esti-
mates are occasionally negative (although they
were not significantly less than zero). This sort
of result is not ruled out by economic theory,
but is still hard to explain in terms of the
known characteristics of these assets.

In Figure 2 we present a comparison between
the results for the static Fourier and the dynam-
ic utility model where the former results are,
again, drawn from the earlier study. In this case
we compare cash (Al) and small time deposits
(A3), a relation that is consistently that of com-
plementarity in lIable 3.

Once again the dynamic elasticities are rela-
tively constant. In addition, the static elasticities
are sometimes positive and sometimes negative
(and statistically so, in both cases, at some
dates). Clearly, then, the complementary rela-
tionship between cash and small time deposits is
clearly established in the dynamic utility func-
tion results. We note that such results are quite
common in this literature (see Barnett, Fisher
and Serletis, 1992).

In the introduction to this papei~we listed five
areas in which existing studies of expenditure
systems frequently fall short, in Diewert’s opin-
ion. Obviously, the innovation of this paper is to
convert a static system into a dynamic one; this
deals with one of his concerns. Diewert is also
concerned that existing studies do not link the
theoiy to the application firmly enough. This we
have attempted to address both by setting out
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Table 3
Substitution Elasticities: Dynamic Utility Model

£12 T12 E13 T13 814 T14 E23 T23 E24 T24 E34 T34

70:2 1.291 2.983 —0.250 2.367 0.509 1394 -0614 1106 0.146 1.153 —1.286 14.957
703 1 276 3.163 —0.259 2.532 0.445 1.329 --0601 1.164 0.102 (1857 —1.291 14.973
704 1.255 3.389 —0.270 2.751 0.371 1218 --0.592 1.241 0.049 0138 —1.301 14.906
71:1 1.167 3.669 —0272 3.025 0.290 1107 0.610 1.462 —0.047 0491 --1.269 14.076
71:2 1.163 3.744 —0.270 3.071 0.273 1.057 0.610 1.490 —0.068 0.718 -1280 14.219
71.3 1.166 3.896 -0.278 3.216 0.233 0.932 —0.595 1.491 —0.084 0.890 1.307 14.273
714 1.115 4.050 - 0.279 3.368 0.195 0.832 --0.602 1.609 —0.129 1.480 1292 13.771
72.1 1.101 3896 --0.265 3.202 0.236 0.987 —0.625 1.643 —0.124 1.436 -1256 13.693
72:2 1.077 4.083 -0266 3.382 0.188 0.825 —0.619 1.712 —0.165 1.979 1.271 13.523
72:3 1.052 4.269 0.273 3596 0134 0.623 —0.605 1.763 —0.198 2.450 1,282 13.165
72:4 1.010 4.451 - 0.282 3873 0.065 0.328 —0.582 1.820 —0.236 3.052 —1.282 12.547
73 1 1.033 4.524 - 0.297 4.058 0.046 0.230 —0.568 1.755 —0.226 2.766 —1314 12.436
73:2 0995 4.672 - 0.335 4.543 —0.047 0.261 —0.527 1.738 —0.238 3.071 —1320 11.475
73.3 1041 4.739 —0.446 5808 --0150 0.875 —0.421 1.359 —0.125 1.304 —1.383 9.225
734 1008 4.726 —0465 5944 -0194 1.167 —0.412 1383 —0.141 1.538 —1375 3.904
741 0920 4.791 —0.507 5954 --0.302 2.083 —0.381 1.464 —0.176 2.098 —1.323 8.123
-/4:2 1.152 4.725 —0.426 5233 - 0.074 0.386 —0.419 1.228 —0.067 0666 —1.434 10,784
74:3 1284 4.358 —0364 4063 0090 0.375 —0.444 1.091 0.010 0.083 —1.460 13.096
74:4 1.184 4.615 —0.392 4.663 0010 0.049 —0.460 1.292 —0.079 0811 —1.438 12,212
75:1 1231 4.094 —0.306 3.543 0.169 0.669 —0548 1353 —0.074 0.702 —1.397 14.327
75:2 1216 3.977 —0.281 3.352 0204 0790 —0.579 1.416 —0.094 0.898 —1374 14.565
75:3 1.199 4.134 —0.294 3.577 0162 0.659 —0567 1.442 —0.111 1.085 —1.381 14.093
75:4 1190 4.117 —0.287 3.539 0.168 0.685 —0.576 1.471 —0.121 1.195 —1373 14.101
76:1 1.169 4137 —0.282 3.551 0165 0683 --0587 1.526 —0.139 1.413 —1361 13.984
76:2 1.137 4249 —0.286 3.713 0.136 0588 --0.588 1596 —0.166 1.761 —1352 13.559
763 1.107 4 347 —0.291 3.880 0.107 0.482 —0.586 1.654 —0.189 2.083 —1.346 13.145
764 1.055 ‘1499 —0.303 4207 0.049 0.240 —0576 1.738 —0.224 2.632 —1.333 12.371
77:1 1.041 4.487 --0 291 4.157 0.056 0.273 —0586 1.785 —0.239 2.827 —1.321 12366
77:2 1.030 4515 —0.295 4.235 0.041 0.206 —0.581 1.797 —0.245 2.935 —1319 12.199
77:3 0.997 4611 - 0318 4,586 —0.020 0.109 —0.555 1.805 —0.257 3.201 —1216 11.491
77:4 0.97/ 4651 ~0330 4.813 —0.054 0.299 —0.539 1.801 —0.262 3.253 —1.313 10.997
78:1 1.003 4625 —0323 4.654 —0.022 0.118 —0.549 1.772 —0.248 2.987 —1.322 11.359
78:2 1.031 4.612 —0.328 4.605 —0.008 0.044 —0.546 1.715 —0.227 2.663 —1238 11.573
78:3 0.982 4.718 —0.420 5.550 —0.159 0.944 —0.463 1.578 —0.202 2430 —1249 9.671
78:4 0.994 4.692 —0.527 6250 —0.274 1.722 —0.357 1.232 —0.104 1.061 —1.388 7.894
79:1 0.992 4.653 —0.569 6.378 —0.329 2.097 —0.319 1.119 —0.079 0.788 —1.401 7.546
79:2 1.000 4.632 —0.576 6.336 —0.335 2.119 —0.313 1.090 —0.071 0.716 —1.407 7.581
79:3 1.067 4658 —0.545 6.507 —0.260 1.529 —0.335 1.083 —0.051 0.492 —1.437 8.127
79:4 1.139 4448 —0.618 6,911 —0.319 1.806 —0.237 0.718 —0.062 0.464 —1.528 7.332
80:1 1 194 4.103 —0.634 6.714 —0.289 1.456 —0.212 0.569 0.113 0.782 —1596 7.133
80:2 1.299 4.479 —0.503 5.621 —0.074 0.332 —0301 0.751 0.128 0.907 —1.545 9.679
80:3 1.267 4.593 —0.472 5.429 —0.067 0313 —0.353 0.927 0.052 0.427 —1.510 10.522
80:4 1.265 3.983 —0.590 6.200 —0.164 0.707 —0.224 0.524 0.202 1.035 —1.626 7.546
81:1 1.296 3675 —0.586 5300 —0.110 0.409 —0.208 0.427 0.268 1.128 —1.679 7396
81:2 1323 3688 —0552 5.332 —0040 0.140 —0.223 0.440 0.289 1.212 —1.677 7.778
81:3 1392 3.333 —0581 4.869 —0.02~ 0.071 —0.135 0.223 0.422 1.295 —1.783 7.238
81:4 1329 3513 0573 5281 —0.052 0.172 —0.’93 0364 0.328 1.244 —1.707 7567
82 I ‘319 1653 0562 5.401 —0.054 0.19’ —0.215 0.427 0.292 1.221 —1.680 7.760
822 1.338 3.77-~ 0532 5211 =0011 0.038 -0.238 0.478 0.283 1.286 —1.659 8378
823 1.395 4130 0435 4.379 0.102 0.362 —0330 0688 0.207 1.252 —1.577 11357
82~ 1349 4.221 -0.380 ~034 0117 0.443 —0.416 0940 0.081 0.599 —1505 13.092
83: 460 3.505 - 0.323 2887 0358 0.951 —0.444 0772 0.237 1.454 1558 15.850
832 1479 3.353 -0328 2730 0.410 0.996 —0.414 0671 0.324 1823 ~1593 15.791
833 1~55 3.344 0341 2768 0401 0953 —0383 0610 0359 1.881 -‘632 ‘5.192
834 1 453 3.396 -0342 2825 0385 0.940 —0388 0629 0340 1.832 22 15~D~
S’i 1463 3.421 —0347 2874 0.373 0.917 —0.382 0.622 0.339 1.814 —1628 505a
84.2 1493 3.241 —0326 2 58’ 0438 0978 —0381 0.o80 0:382 1.855 —1.&4 15085
843 ‘~165 3392 —0388 3119 038 0775 —031;’ 0.50/ 0388 744 —i.69~ 2801
844 1 A7Q 3640 —03/6 325~ 0.287 0787 -0367 0.643 029? 1676 —1.623 14393
851 1471 3447 —0329 2.814 0379 0.971 0~13 0696 0.296 1714 —15/9 1582’
852 1.463 3319 -~0306 2.615 01.29 ‘.067 0.144 0733 0.291 ‘ 73~ -1547 lo.458
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Figure 1
Substitution Elasticities Between Cash (Al) and
Savings Deposits (A2), 1970-1985
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Figure 2
Substitution Elasticities Between Cash (Al) and
Time Deposits (A3), 1970-1 985
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