Optimal Capital Taxation and
Precautionary Savings
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There are multiple reasons to motivate the role of capital taxation in the heterogenous-agent
incomplete-markets (HAIM) model. One is the production inefficiency caused by precautionary
savings. The other is the wealth redistribution role played by capital taxation. To distinguish between
these two reasons, this article uses an analytical tractable HAIM model with a degenerated distribution
of wealth while preserving the role of precautionary savings. The degenerated wealth distribution shuts
down the distributional role played by capital taxation. Our results show that, with no role to play for
redistribution, the government bond is more suitable than capital tax for addressing the production
inefficiency caused by households’ precautionary savings in the HAIM model. (JEL Cé61, E22, E62,
H21, H30)
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1 INTRODUCTION

In the Ramsey taxation literature, pivotal work by Chamley (1986) shows that the best
way for the government to finance its expenditures in the long run is to tax labor but not
capital in a representative-agent model. The recent work by Chari, Nicolini, and Teles (2020)
clarifies the conditions and assumptions required to support the zero capital tax result. How-
ever, the optimal outcome of this important taxation problem is relatively less understood in
the heterogeneous-agent incomplete-markets (HAIM) framework. The HAIM model con-
siders an environment in which households are subject to uninsurable idiosyncratic shocks
and ad hoc borrowing restrictions; in response, households buffer their consumption against
adverse shocks via precautionary savings. During the past two decades, the HAIM model has
become a standard workhorse for policy evaluations in the current state-of-the-art macro-
economics that jointly addresses aggregate and inequality issues.!

Given the importance and popularity of the HAIM model, paralleling the work of
Chamley (1986), it is natural to ask, “What is the prescription of Ramsey capital taxation in
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the long run for the HAIM economy?” There are several important attempts to investigate
this question, such as in Aiyagari (1995); Conesa, Kitao, and Krueger (2009); and Davila et al.
(2012). However, some issues still remain unsettled. For example, a possible reason for the
positive capital taxation resides in the production efficiency argument. In the equilibrium of
the HAIM model, production could be inefficient in the sense that the marginal product of
capital is lower than that implied by the so-called “modified golden rule” (MGR hereafter),
which is due to the overaccumulation of capital resulting from the precautionary savings of
households. However, there are some other reasons to motivate the role of capital taxation in
the HAIM economy. For example, in HAIM environments without public debt, the works by
Dévila et al. (2012); Krueger and Ludwig (2018); and Conesa, Kitao, and Krueger (2009) sug-
gest that capital taxation or subsidization could also serve to redistribute wealth and thereby
improve welfare. This then raises the following question: How do optimal capital taxation and
optimal public debt relate to the issue of capital overaccumulation caused by precautionary
savings in the HAIM environment?

To answer these questions, we simplify the HAIM model in a particular way so that wealth
distribution is degenerated each period. Our article adopts the model of Chen et al. (2021),
which follows the work of Lucas (1990) and Heathcote and Perri (2018). More specifically, a
special risk-sharing technology is introduced such that individual members within a family
are able to pull their wealth by the end of each period. As a result, wealth distribution is totally
degenerated each period and hence capital tax can no longer play a role for wealth redistribu-
tion. Despite wealth-redistributing technology, our model still preserves income/consumption
inequality as well as households’ precautionary-saving motives.2

By isolating the redistributive role of capital tax, our model is therefore suitable for
answering the following specific question: Should the government tax capital to achieve the
MGR purely because of the production inefficiency caused by precautionary savings? Our
results demonstrate that the Ramsey planner intends to increase the supply of government
bonds until no individuals are borrowing-constrained in the long run. That is to say, the needs
of precautionary savings are fully met by the supply of public debt, and hence capital is no
longer overaccumulated. As a result, the long-run optimal capital tax rate becomes zero. In
short, with no role to play in redistribution, the government bond is more suitable than capital
tax for addressing the production inefliciency caused by precautionary savings in the HAIM
model. These results are totally consistent with the recent studies by Chen et al. (2021) and
Chien and Wen (2020). However, the later article relies critically on quasi-linear preferences
to derive their results.

Our article is related to the earlier work of Aiyagari (1995), which shows that a positive
capital tax should be imposed to implement the MGR in an assumed Ramsey steady state.
Our zero-capital-taxation result should not be seen as a contradiction to his result, since there
is no wealth distribution in our model. Instead, our result helps to clarify that the positive
capital tax result in the Aiyagari model is not driven purely by the MGR but is more likely due
to the wealth-redistribution role of capital tax.

The remainder of the article is organized as follows: Section 2 describes the model, derives
the competitive equilibrium, and provides sufficient conditions for the Ramsey planner to
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support a competitive equilibrium. Section 3 shows how to solve for the Ramsey allocation
analytically and how to derive the optimal capital tax in a Ramsey steady state. Section 4
concludes the study.

2 MODEL

We adopt the model of Chen et al. (2021), which has the following three major players:
firms, government, and households.

2.1 Environment

Firms. Time is discrete and the horizon is infinite, indexed by t = 0,1,2,...,00. A represen-
tative firm produces output according to the constant returns-to-scale Cobb-Douglas technol-
ogy, Y,= F(K,,N,) = KN, * where Y, K, and N denote aggregate output, capital, and labor,
respectively. The firm rents capital and hires labor from households by paying a competitive
rental rate and real wage, denoted by g, and w,, respectively. The firm’s optimal conditions
for profit maximization at time ¢ satisfy

JF(K,,N
1) W, =% and
IF(K,,N,)
2 =’
@ 1 oK,

Government. The government can issue one-period government bonds and levy flat-
rate, time-varying labor and capital taxes at rates 7, , and 7, ,, respectively. The flow govern-
ment budget constraint at time ¢ is expressed as

B
(3) Tn,tWtNt+Tk,t(qt_5)Kt+Rt—+1=Bt’

t+1
where R, ,, is the risk-free gross interest rate between time t and ¢t+1; § € (0,1) is the depreci-
ation rate of capital; and B, | is the amount of government bonds issued at time ¢. The govern-
ment is assumed to fully commit to a sequence of taxes imposed and debts issued, given the
initial amount of government bonds B at time 0. This setup for the government is standard
for the Ramsey problem.

Households. There is a unit measure of ex ante identical individual households that belong
to a representative family. Individual households face idiosyncratic employment shocks,
denoted by 0 € {e,u}. The shocks are identically and independently distributed over time and
across all individual households. If 8 = e, then individual households can work and receive
their labor income. Otherwise, if 6 = u, then individual households cannot work and have no
labor income. Let 71(e) and 7(u) denote the probabilities of employment and unemployment
shocks, respectively. There are two subperiods within each period. In the first subperiod, indi-
vidual households are separated from their representative family and receive the employment
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shock 0. In addition, their consumption and labor supply decisions (if employed) are made
in the first subperiod. In the second subperiod, individual agents are reunited with their rep-
resentative family and share their assets. Therefore, the idiosyncratic shocks are not fully
insurable by their representative family. Given the existence of idiosyncratic risks, individual
households still have a precautionary motive to save. However, wealth distribution is degen-
erated each period since individuals can share their asset holdings in the second subperiod.
This model setup is similar to that of Lucas (1990) and Heathcote and Perri (2018).

The lifetime utility of a representative family is assumed to be

(4) U= iﬁt {[logcf + v(l—nf )]n(e)+[logc;‘ + v(l)]ir(u)},

where 8 € (0,1) is the discount factor; ¢/ and ¢,' denote the consumption for employed and
unemployed individuals, respectively, at time ¢; and n; is the labor supply of employed indi-
viduals. Note that the labor supply is zero for unemployed individuals. For simplicity, we work
with a logarithmic utility function in consumption and let v(-) satisfy standard assumptions
v'>0,v" <0andlim, V" = . In addition, the flow budget constraint of the representative
family is given by

a )
(5) cr(e)+c'n(w)+—L<wnn(e)+a,
t+1

where w, = (1 - 7, )w, is the after-tax wage rate at time #, and a, is the asset holdings. All repre-
sentative households by assumption have the same initial asset holdings a, > 0. In addition,
there are inter-period budget constraints for employed individuals,

(6) ¢ <a,+wny,
and for unemployed individuals,
(7) ¢/ <a,.

Finally, government bonds and capital are perfect substitutes for a store of value for indi-
vidual households. As a result, the after-tax gross rate of return on capital must equal the gross
risk-free rate; that is,

(8) R, :1+(1_7k,t+1)(%+1_5)’
which constitutes a no-arbitrage condition for capital and bonds.

2.2 Household Problem

The representative family chooses a sequence of {c/,c,,n/,a,,,},-, to maximize (4) subject
to (5), (6), and (7). Let f'A{n(e), BA!'m(u), and f'u, denote the Lagrangian multipliers attached
to (6), (7), and (5), respectively. The first-order conditions (FOCs) of representative households
with respect to ¢/, ¢, n;, and g, are given by
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L_ e
9) — =N+,
Ct
[y
(10) _u:/lt + U,
t
(11) v’(l—nf)zﬁ/t(/lf+,ut), and
(Afam(@)+ A7)+ Bty =
(12) B(Aam(e)+ ALm(w))+ B, R
t+1
respectively.

2.3 Competitive Equilibrium
A competitive equilibrium of the model economy is defined in the standard way.

Definition 1. Given the initial capital K, and initial government bond B, a competitive equi-
librium is defined as sequences of tax rates and government bonds {t,, ,,7, ,,B,,,} and sequences
of prices {w,,q,,R,};_,, aggregate allocations {C,N,,K,,,};-,, and individual allocation plans
{c/ ¢/ n/a,,, ), such that the following are true:

(i) Given prices, {c/,c,n/,a,,,} solves the representative family problem.
(ii) Given prices, {N,,K,} solves the representative firm’s problem.

(iii) The no-arbitrage condition, equation (8), holds for all t.

(iv) The government budget constraint, equation (3), holds for all t.

(v) All markets clear for all t > 0; that is,
(13) B+ R Ky =0y,

N,=n/r(e)

C,=c/m(e)+c/m(u), and

(14) F(K,,N,)=C,+K,,-(1-8)K,.

+1

2.4 Characterization of Competitive Equilibrium

This subsection characterizes several key properties of the competitive equilibrium by
means of two propositions.

Proposition 1. The competitive equilibrium of the model has the following two properties:

(i) The variable c,' can be expressed as a function of ¢, and a,; that is,

. | eife<a,
(15) ¢ = .
a, if ¢/ >a,
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(ii)) Equation (12) can be rewritten as

1 (Ve )me+(1/ck, )aw)
R, =B E .

Proof. Please refer to Appendix Al.

(16)

Proposition 1 implies that if the asset holdings (or self-insurance position) g, is sufficiently
large such that ¢; < a,, then individuals can obtain the same level of consumption regardless
of their idiosyncratic shock. We refer to this as a full self-insurance case. Obviously, by the
asset market clearing condition (13), this could be achieved if the supply of government bonds
is sufficiently high. In addition, if full self-insurance is achieved in the steady state, then the
steady-state risk-free rate, R, is equal to the time discount rate, 1/5. Otherwise, R < 1/f.

Proposition 2. In a laissez-faire competitive equilibrium, the steady-state risk-free rate, R, is
lower than the time discount rate, 1/, if and only if the model parameters satisfy the following
condition:

1-a
’B<oc+(1—oc)(1—5)'

(17)

Proof. Please refer to Appendix A2.

Proposition 2 provides a sufficient and necessary condition for the risk-free interest rate
being lower than the time discount rate in a laissez-faire competitive equilibrium. This is
because the idiosyncratic shock is not fully hedged, and hence individual agents’ asset holdings
may be insufficient to provide full self-insurance for unemployed individuals. In this case,
precautionary-saving motives reduce the equilibrium interest rate below the time discount
rate. Without government intervention, there is an overaccumulation of capital in the sense
that the steady-state capital stock exceeds the level implied by the MGR. This outcome is clearly
inefficient in terms of aggregate production from a social point of view. To make our analysis
interesting and the Ramsey problem meaningful, we assume that condition (17) holds in this
article.

2.5 Conditions to Support Competitive Equilibrium

The following proposition demonstrates that the Ramsey planner can pick a competitive
equilibrium by choosing aggregate capital plus individual consumption, labor, and asset hold-
ings that satisfy a set of conditions.

Proposition 3. Given the initial capital K, government bonds B, and capital tax rate T, ,
sequences of the allocation {c/,n/,c,,K, . ,a,,,};-, can be supported as a competitive equilibrium
if and only if they satisfy the following conditions?:

(i) Resource constraints:

(18) F(K,nm(e))+(1-8)K, —cim(e)—cim(u)~ K, 20, Vi 0.
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(ii) Implementability conditions: V't > 0,

7v,(1_n:)nf7r(e)+at—cfﬂ(e)—ct”ﬂ(u)—amﬂ(1/C”l)ﬂ(e)+(1/ct+1)”(”)SO’
1/Cze l/cf

(19)

where
e - e
¢ if ¢, <a,

. e :
a, if ¢/ >a,

Proof. Please refer to Appendix A3.

Note that given the allocation {¢/,n/,¢/,K, .}~ ,, capital tax rates are chosen according to
(8), which can be rewritten as

Rt+1 -1

(20) Tk,H—l = 1 - _ 5 b4

t+1

where the equilibrium ¢,,, and R,,, are decided by (2) and (16).

3 RAMSEY OUTCOME
3.1 Ramsey Problem

On the basis of Proposition 3, the Ramsey problem can be represented as maximizing (4)
by choosing {¢/,c,’,n,,a,,,,K,,,};-, and, subject to conditions (18) and (19) stated in Proposi-
tion 3, given K, By, and 7 ;.

Before presenting the Ramsey outcome, we first define the steady state of our HAIM
economy.

Definition 2. Given government policies, the steady state of the HAIM economy is defined as a
competitive equilibrium where all aggregate and individual quantity variables stay at finite
positive values.

As to the Ramsey steady state, it is defined as follows:
Definition 3. The long-run optimal solution to the Ramsey problem is defined as a Ramsey
steady state if it features the steady state of the HAIM economy.
3.2 Ramsey Outcome

Denote 'y, and '(, as the Lagrangian multipliers for conditions (18) and (19), respec-
tively. The FOC of the Ramsey problem with respect to K, , , is given by
(21) Zt:ﬁZt+1(MPK,t+l+1_6)’
OF(K1sNoy)

where MP,, ., denotes
t+1
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There are a few important messages here. First, as shown by equation (21), the Ramsey
planner prefers to set the level of capital satisfying the MGR in the long run if y, converges to
anon-zero positive number. This is feasible because the planner can tax capital and/or use
government bonds to crowd out capital. If the Ramsey planner chooses to supply enough
government bonds such that full self-insurance is achieved (namely, ¢/ = ¢;') in the long run,
then the equilibrium interest rate is equal to the time discount rate as implied by (16). In this
case, the Ramsey steady state can achieve the MGR without taxing capital since the overaccu-
mulation of capital is fully crowded out by the issuance of government bonds. Otherwise, capi-
tal tax is needed to achieve the MGR.

Second, the availability of government bonds matters critically for equation (21) to be
upheld. As shown in Proposition 3, the Ramsey planner can choose any level of aggregate
capital stock so long as it satisfies the resource constraint without worrying about the asset
market clearing condition (13). This is because the position of government bonds can be
adjusted to satisfy the asset market clearing condition. Clearly, without government bonds
as a policy tool, equation (21) no longer holds and hence the MGR might not hold even if y,,
the shadow price of the resource constraint, converges.

Finally, the existence of a Ramsey steady state does not require the convergence of
Lagrangian multipliers. For example, based on equation (21), a Ramsey steady state could
exist if the growth rate of y, converges and does not necessarily require the convergence of y,
itself. Hence, the investigation of the convergence property of these multipliers is important
to determine the optimal Ramsey outcome in the long run. This is exactly what we show in
the proof of the following proposition, which characterizes the long-run Ramsey outcome.
We denote variables without the subscript ¢ as their steady-state values.

Proposition 4. There exist Ramsey steady states, all of which satisfy the following properties:

(i) Full self-insurance is achieved, namely, a > ¢ = ¢*, and the equilibrium interest rate is
equal to the time discount rate, 1/p.

(ii) The MGR holds without taxing capital, T, = 0.

(iii) The optimal level of government bonds is strictly positive if condition (17) is met. The
bond interest payments are financed solely by revenues from the labor income tax.

Proof. Please refer to Appendix A4.

There are several key points here. First, in this economy, instead of taxing capital, the
Ramsey planner always supplies enough government bonds in the long run to solve the prob-
lem of production inefficiency (the failure of the MGR) caused by households’ precautionary
savings. In other words, capital tax is never used in the Ramsey steady state. Hence, we show
that the government bond is a better tool than capital tax to restore production efficiency. This
result is fully consistent with Chien and Wen (2020), who show a similar result with a different
type of HAIM model.

The intuition behind these results is that issuing government bonds is always a better tool
than imposing a capital tax in addressing the capital overaccumulation issue (i.e., production
inefliciency issue) caused by precautionary savings in the HAIM model. Issuing government
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bonds can play a role in crowding out overaccumulated capital and improve the self-insurance
position among households. In contrast, although imposing a capital tax can alleviate the
problem of capital overaccumulation, it does so at the expense of worsening the problem of a
lack of full self-insurance caused by incomplete markets.

Second, the interest payment on a government bond is fully financed by the labor tax in
the Ramsey steady state. This is true despite the fact that the amount of the interest rate pay-
ment could be significant. Our results indicate that it is still optimal to issue debt up to a point
where full self-insurance is achieved, even at the cost of a high labor wedge. The intuition under-
lying our results rests on an intertemporal argument based on the hallmark of the HAIM model,
where the risk-free rate is always less than the time discount rate unless full self-insurance is
achieved. Unlike individual households faced with an earnings risk, the Ramsey planner in
the HAIM economy (without aggregate shocks) faces no uncertainty in allocating aggregate
resources. Given that the planner discounts the future by f, the strict inequality of R < 1/
then dictates that the market discounts resources at a lower rate than the planner discounts
utility, implying the existence of the planner’s desire to improve welfare by front-loading
aggregate consumption through issuing more bonds.

Finally, we show that the optimal level of debt is positive only if there is no full self-insurance
under the laissez-faire competitive equilibrium. This result again highlights that the purpose
in supplying public debt is to satisfy the need for precautionary savings. In other words, with
a sufficient amount of public debt, the Ramsey planner can achieve full self-insurance as well
as production efficiency.

4 CONCLUSION

Our study indicates that the Ramsey planner prefers government bonds to capital tax to
tully correct the production inefficiency problem caused by precautionary savings in the HAIM
model without wealth distribution. The finding of this article is fully consistent with that of
Chen et al. (2021) and Chien and Wen (2020).

This study also improves our understanding and helps to interpret various results found
in the Ramsey literature featuring HAIM. There are several important articles that study opti-
mal capital taxation in HAIM models while not considering the role of government debt—
for example, Conesa, Kitao, and Krueger (2009); Krueger and Ludwig (2018); and Davila et al.
(2012). In our Ramsey problem, it is easily shown that the MGR does not hold once there are
no government bonds. As a result, the optimal capital tax results of these studies do not need
to obey the MGR even in the long run. In other words, the availability of government bonds
is critical for the Ramsey planner to achieve the MGR. Therefore, our result of zero capital
taxation does not contradict the findings of these studies. Hence, the non-zero capital taxation
results found by these studies are not motivated by the production-efficient role implied by
the MGR, but by the wealth-redistribution role played by capital tax. The latter role is absent
from our study for good reason. m
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APPENDIX A1
Proof of Proposition 1

By equations (6) and (7), we know that ¢, < ¢ so that A, > A/. Now suppose A; > 0. It
follows that A, > 0. Given A{ > 0 and A, > 0, both (6) and (7) must be binding. Inserting
¢ =a,+wn/and ¢/ = a,back into (5), we obtain a, , = 0, which together with (7) implies that
¢ty = 0. This leads to a contradiction since #'(0) = . As a consequence, A; must be zero. Next,
consider two possibilities for 1. One is that A/ > 0 so that ¢, = a,and ¢, < ¢; (recall that A = 0).
The other is that A, = 0, along with A, = A; = 0, which leads to ¢ = ¢, < a,. Hence, we can
express ¢, as a function of ¢; and a, as shown by (15). In addition, using A; = 0, we can rewrite
(12) as (16).

APPENDIX A2
Proof of Proposition 2

Under the laissez-faire competitive equilibrium, 7,, = 7, , = B,= 0 such that a, = R K.

Provided ¢‘ > ¢ = RK is true, we can conclude that in the steady state SR < 1. Given this, we
l1-o
first prove that if ¢ > ¢* = RK, then < must hold.
a+(1-a)(1-9)

R+6-1
a

K o-1
Based on R=1+ aK*'N'"*~ §, we express (N) as . In the steady state, we

have Euler equation (16) and the resource constraint,

(22) 1= ﬁR(n(mén(u)J,
C

cr(e)+c'nm(u)=K*N"*-86K

(23) =(aK“'N"*-8)K+(1-a)K“'N"“K

:(R—l)K+(1—a)(R+§_le,

o-1

where we replace K*'N'™* with in (23). Dividing each term by RK in (23) gives

¢ “ R-1 1-aR -1
(24) PO P O St el
RK RK R o R
Substituting ¢* = RK into (22) and (24) yields
Ce
RK

(25) %— Br(u)S—— Br(e)=0 and

+1-a)(1-6)1 1
+RK7r(e)+7t(u) a—O.

(26) o R
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Combining (25) and (26) leads to

(27) f[;K]=o,

where f: IEK - OH-(I_Z)(l_a)ﬂ[n’(u);K +7T(e)j+ IEK m(e)+ n(u)—é. Since f' > 0 and
o+(1-a)(1-96))+a-1 ¢
f(1)= ﬂ< ( )( )) <0 by specification, we know that IEK >1 solves (27).
(04

l1-o
a+(1-a)(1-96)

allocations satisfy ¢ > ¢* = RK in a laissez-faire competitive equilibrium. Combining (23) and

Next, we prove the condition < guarantees that the steady-state

(22) gives
(28) ﬂ[n(e)+§n(u>} ! o ( L_¢ )
C

R a+(—a)1-6)\a RK

Given (15), we know that ¢ = ¢" if C < RK and that ¢* > ¢" if C > RK. Consider the case
C < RK. Then, from (28) we have

o 1 C l1-o
(29) ﬁza+(1—a)(1—6)(5_ﬁ)2a+(1—a)(1—5)’

C
where we know ¢ = ¢" since C < RK, and the inequality is due to K <L

It follows that if (29) does not hold, then C < RK cannot be true. If C > RK is true, then we

have ¢ > ¢". Therefore, if < l-a , then C > RK, and thus ¢*> ¢* holds.
a+(1-a)(1-6)

APPENDIX A3

Proof of Proposition 3

The “If” Part. Given the initial B, and K|, as well as the allocation {¢/,n/, a,,,K,,,} /=, a
competitive equilibrium can be constructed by using the two conditions in Proposition 3
and following the steps below that uniquely back up the sequences of the other variables:

(i) Givenc/,n/,anda,,, ¢ is chosen such that

e s e
¢, if ¢; <a,
¢ = .
: e
a, if ¢/ >a,

Note that a, - ¢, > 0 is satisfied.
(ii) Aggregate consumption and labor, C, and N,, are chosen such that
Nt = nteﬂ-e

C,=c/n’+¢/m’.
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(iii) Wage rate and capital rental rate, w, and g,, are chosen such that w, = F;(K,,N,) and
q,= Fx(K,,N,). As a result, the firm’s problem is solved.

. . - . _W
(iv) The labor tax rate, 7, ,, is chosen such that w, = (1 - 7, )w, satisfies V'(l—”te ) =
t

(v) The risk-free rate, R, ,, is chosen by the household Euler equation,

1 (1/cf+1)ﬁ(e)+(l/ct“+l)n'(u)
Ry P 5 ’

and 7, is decided by

Rt+1 =1 +(1 - Tk,t+1 )(qt+1 - 5)
(vi) Given K,,, and g, , B, is pinned down by the asset market clearing condition
By +R Ky =a,,.

(vii) There are only two conditions left—the resource constraint and the representative
household’s budget constraint. Both are listed in Proposition 3. The implementability
condition (derived from the representative household’s budget constraint) can be
expressed as

’ e u
v (l_n:) (1/CH1)7T(6)+(1/CH1)n-(u)SO.

Tnfﬂ(e)ﬂzt—cfﬂ(e)—ct”n(u)—amﬂ et

The “Only If” Part. The constraints listed in Proposition 3 are trivially satisfied because they
are part of the competitive-equilibrium conditions.

APPENDIX A4
Proof of Proposition 4

First, the FOC with respect to n; is given by

. Yoo { v (11/::1, ) v (11/;1% )nf :l -0,

t t

which implies that the growth rates of y, and (, in the steady state are the same. To see this,
rewrite (30) as

Eyy 1+1/m,
5 _ — 1’
x v’(l—nf) S 1/ct
A e "(1=n°
where #, is defined as the Frisch labor supply elasticity, 1, = Kedi‘ = —M.
ndw| v (1—nt)nt

c

344 Third Quarter 2021 Federal Reserve Bank of St. Louis REVIEW



Chen, Chien, Yang

Hence, in the steady state it must be the case where y, and {, grow at the same rate as the
Ramsey steady state.

In what follows, we show that there exists a Ramsey steady state exhibiting full self-
insurance and that there is no Ramsey steady state with R < 1/f3. We discuss the following
three cases: (i) a, > ¢ = ¢/, (ii) a,= ¢, = ¢/, and (iii) ¢, > ¢,' = a,.

(i) Consider the case where a, > ¢/, implying that ¢; = ¢, = c,. The FOCs with respect to
a,,, and c, satisfy

(31) B G = Cz s

t+1

(32) c:l—xt+§t tgtl t_ t+1ﬂ§t(ﬂge) ﬂ(u)J Ct (l_nf)nfﬂ;(e)z()'

e
G ( (o) ) 41 41

In the Ramsey steady state, we have {,,, = {,= (and y,,, = x, = x> according to (30) and (31).
Given this, (32) becomes

(3 Lrr[1-2-p)-Eaato))-
C C C

where Ke = v’(l —n’ )
c

Given that ¢* = ¢*, we know that SR = 1 in the steady state. With R = 1, we can rewrite
the budget constraint as

(34) @nen(e)+a(1—ﬁ)—c:0.

Combining (33) and (34) leads to

1 1
KRy

Since in the Ramsey steady state y,,, = x, = x> we know that the MGR holds; that is,
B(MPy + 1 - §) = 1. Thus we obtain 7, = 0 in the Ramsey steady state.
(ii) We then consider the case where a, = ¢, = ¢, and the FOC with respect to ¢, satisfies

o=ﬂfai—ﬂfxt+ﬁf-lct_lﬂ[(cf_l/c:)n<e)+(cf_1/c:')m)]—ﬁ'a
7[(6) ﬁ(u)

t+1 t +1

+,3t§tat+1ﬁ[ }ﬂ S

u_u
tct Ct Ct

_ﬁtgt (1 n )n r(e)— Bt 1§t1 tﬁ|: 171'(6) t—17r(u):|.

The steady-state version of the above equation and implementability condition evaluated at
a,=c=c"are
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1
X = Z+C‘ (ﬂ—v'(l—ne)nefc(e)) and

v (1=n)n‘m(e) = B.
It follows that

Xi=—-

a

As aresult, y, converges, implying that the MGR holds and that 7, = 0.
(iii) Finally, we show there is no Ramsey steady state featuring R < 1/f. In this case,
¢/ > ¢, = a,. The FOCs with respect to ¢ and ¢, satisfy

c: ”c() m(e) =L (1-nf nfr(e)+ ¢ m(e)

t

3 +Ctat+1ﬁ|:(1/cte+1)ﬂ(e)+(1/c;l+l)7[(u):| $iad fcle m(e)
=0and
u, 7(u)
e _Ztn(u)+§tﬂ(u)_§t

(36)

(/e m @+ (et et 2] € S m )

trt

=0.

By the implementability condition, we rewrite (35) as

t e e
t t [

(37) ”C(f)- ;(tﬂ(e)+§ti—te7z(e)—§t S (e) o,
Rearranging (36) and (37) and then evaluating them in the steady state, we obtain
68) ) ) =(6, - )e) and

Tc(e)

(39)

_gale)= (;H_gt)z_jn(e).

Let g denote the growth rate of Xt as well as (,. (Recall that y, and {, must grow at the same

1
rate in the steady state.) Given Iy >—, from (38) and (39) we obtain

(Q‘CH) () (C,l Ct) , expressed as

7(e) e nle)
(6B (0 -0 S (-6 ) 2 oo
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which implies that g =—=—>1. Manipulating (38) with o

t-1 £ £

gives

S 7(u) _7(u)

Zt”(”)'i'(gz - )”(e) = Zr—l”(”)+(§t—1 - gz—z)”(e)'

1
Given y,=gx, > (,=g(, ,,and {,_, =—{,_, we can rewrite the above equation as
4

th_lﬂ(u)Jr(ng_l - Ct—l )777(6) = Zt—ln-(u)-l-(gt—l - égt—l j”(e)-
Hence, we have
(40) xtlnw):n(e)gl[l‘?g}

If ¢, , >0, (40) implies that y, , <0, which leads to a contradiction, given that both (| ,
and y, , must be non-negative. If {, , =0,theny, ,=0and{, ,=0. Weruleout(, ,=y, ,=0
because ¢’ = ¢ — oo, obtained by (38) and (39), is impossible.

Finally, we show that the optimal level of debt is strictly positive if condition (17) is met.
Let us consider the lowest amount of government debt that achieves full self-insurance. That
is, consider the steady state case where a = ¢“ = ¢".

By the flow government budget constraint in the Ramsey steady state, the steady-state
labor tax rate can be written as a function of the debt-to-GDP ratio, B/Y,

B1 (1-B)B
(41) Tn=(1—ﬁ)§ngl_§g§:
Y

wN
where the last equality uses the labor share v - 1—o. In addition, the steady-state version

of the household budget constraint implies that the asset-holding-to-GDP ratio is given by

a wN 1 -«
(42) ?z(l—fn)Tﬁz(l—rn)T.
In addition, we know that the MGR holds in this Ramsey steady state, which gives
(43) g2
v 1 1+6

B

By plugging the three equations above together into the asset market clearing condition,
we can obtain

B g_lg_[l (l—ﬂ)B]l—a 1K

Y Y BY | (-a)Y

which can solve the steady-state B/Y ratio as
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B o
S=l-a-——
Y —-1+0
B

Hence, the optimal debt is positive if 1 - > , which is exactly condition (17).

1
——1+6

B

NOTES

1 1tis also known as the Bewley-Huggett-Aiyagari model. For surveys of the literature, see Heathcote, Storesletten,
and Violante (2009); Guvenen (2011); Ljungqvist and Sargent (2012); Quadrini and Rios-Rull (2015); and Krueger,
Mitman, and Perri (2016).

2 This is assuming the quasi-linear utility is an alternative approach to simplifying the heterogenous-agent models.
For example, see Wen (2009), Challe and Ragot (2011), Wen (2015), and Chien and Wen (2020).

3 The initial capital tax rate, 7,0, sShould be a choice variable for the Ramsey planner. However, given that the initial
capital is pre-installed and that households are homogeneous at time zero, taxing the initial capital is essentially
the same as allowing a lump-sum tax. As is standard in the literature, we restrict the planner’s ability to choose 7,
in the Ramsey problem.
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