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1 INTRODUCTION
The positive and sizable term premia observed in the data have been hard to reconcile 

using a standard structural macroeconomic model. Backus, Gregory, and Zin (1989) demon-
strate the failure of a standard model in accounting for the sign and the magnitude of real 
bond risk premia. Campbell (1986), Donaldson, Johnsen, and Mehra (1990), and den Haan 
(1995) also experience the same difficulty with standard macroeconomic models.1

Although equilibrium models are difficult to work with and have limited success, it is 
still important to try to understand the fundamental mechanisms behind positive and sizable 
term premia. For macroeconomists, the disconnect between the observed term premia in the 
data and what a standard structural macroeconomic model predicts is often referred to as 
the “term premium puzzle.” The issue is also important to central bankers. As pointed out by 
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Wright (2011), the term premia represent the relationship between the short rate, which is 
controlled by central banks, and the long rate, which relates more deeply to real economic 
activities. Hence, understanding the term premia helps central bankers evaluate the effective-
ness of monetary policy and the mechanism behind its effects on the real economy. Finally, 
for investors, it is of utmost importance to understand term premia—to hedge against interest 
rate risk.

A standard macroeconomic model with the pricing kernel or the stochastic discount factor 
derived from a utility maximization problem generally has great difficulty matching the slope 
and the level of the term structure. Campbell (1986) shows that the term premium depends 
on the nature of the consumption growth process. If the consumption growth process is pos-
itively autocorrelated, then the expected future growth rate falls and bond prices rise in a 
recession. The long-term bond then becomes a good hedge, and hence the term premium is 
negative. On the other hand, if the consumption growth rate is negatively autocorrelated, 
then the model predicts a positive term premium since the long-term bond becomes risky 
because of its procyclical pricing. This intuition together with near-zero autocorrelation of 
consumption growth, that is, a random walk in empirical studies, implies that the term pre-
mium should be close to zero when the pricing kernel is derived from a standard macroeco-
nomic model.

In addition, it is also well known that the pricing kernel of a standard model, which relies 
purely on the expected aggregate consumption growth rate, is not volatile enough to deliver 
a high market price of risk. Therefore, the standard model not only fails to match the sign of 
the term premium but also fails to generate the correct magnitude of the term premium.

In this article, we assume that the aggregate consumption process is trend stationary 
with a long memory process, which shows near zero but slightly negative autocorrelation of 
the consumption process. This consumption process alone generates positive term premia 
but with very small magnitude. This process is not easily statistically distinguished from a 
difference-stationary process such as the random walk. This view is supported by Christiano 
and Eichenbaum (1990,) who argue that no clear statistical evidence exits to support either a 
trend-stationary or a difference-stationary process of aggregate consumption. More specifi-
cally, we consider a slow trend-reverting aggregate consumption process in our model econ-
omy and hence the level of consumption can be well above or below its long-run trend for an 
extended period. With this process, when a bad shock is realized, the expected growth rate of 
consumption is only slightly higher because of its slow mean-reverting property. Therefore, 
the expected growth rate of consumption is only slightly countercyclical and the autocorrela-
tion of consumption growth between two consecutive periods could be very close to zero but 
slightly negative (only –0.02 in our calibrated model), which is consistent with the random-
walk-like consumption process in the data.

Following Chien, Cole, and Lustig (2011), there is a segmented asset-market mechanism 
in our model. Specifically, the model features a large fraction of households who do not par-
ticipate in the equity market and hence do not bear any aggregate risk. There is, however, a 
small fraction of households who do participate in the equity market and hence bear a great 
amount of aggregate risk, which in this article results in a high market price of risk. In equi-
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librium, those households demand high risk compensation. As a result, high risk premia are 
obtained not only in equities but also reflected onto long-term bonds. Therefore, the segmented 
market mechanism amplifies the size and the magnitude of the term premia.

Our calibrated model considers not only the segmented asset-market mechanism but also 
the asymmetric bond positions of U.S. households. The data on U.S. households show that a 
large fraction of households carry long-term mortgage loans but save in short-term risk-free 
assets, such as checking or savings accounts. In other words, these households essentially 
borrow in long-term bonds by using housing as a collateral and save in short-term bonds. In 
our calibrated model, we also evaluate the extent to which this asymmetric bond position of 
households matters for term premia quantitatively.

The assumptions in our model are built with solid support from empirical evidence. The 
first assumption, of a mean-reverting consumption growth process, is prevalent in the macro-
economics literature. The growth of aggregate variables, such as output or consumption, is 
often decomposed into trend components and cyclical components (business cycles). Such a 
decomposition is consistent with the mean-reverting assumption. The second assumption, 
of a segmented market mechanism, is firmly grounded in empirical evidence from the house-
hold finance literature. The evidence shows that most households do not purchase most of 
the assets available to them (Guiso and Sodini, 2012). In fact, the composition of household 
asset holdings varies greatly across households, even in a developed country such as the United 
States. Only 50 percent of U.S. households participate in the equity market, according to the 
2010 Survey of Consumer Finance (SCF hereafter) data. Moreover, even among the partici-
pants in the equity market, many investors still hold low-risk portfolios and do not adjust 
their portfolios frequently.2 On the other hand, a small fraction of households actively adjust 
their portfolios and earn a higher return by taking more aggregate risk. The SCF data also show 
that a large fraction of households carry mortgage loans and save in short-term safe assets. 
These households effectively have a long position in short-term bonds and a short position in 
long-term bonds. As the data also show, wealthier households, a relatively small fraction of 
all households, tend to hold a higher fraction of long-term bonds in their portfolios.

Only a handful of structural models in the literature are able to deliver an average upward- 
sloping nominal and/or real yield curve. Many of them modify household preferences into 
various forms in the standard macroeconomic model. Piazzesi and Schneider (2007) demon-
strate that the nominal yield curve can be upward sloping even with a flat or downward-sloping 
real yield curve since a low-frequency negative correlation between consumption growth 
and the inflation rate causes inflation risk. They assume a recursive preference, and hence 
agents are very willing to substitute consumption over time even though they are risk averse. 
The recursive preference plays a critical role in the low-frequency correlation mattering for 
the current price. Bansal and Shaliastovich (2013) also generate a positive nominal term pre-
mium with inflation risks and recursive preferences. Rudebusch and Swanson (2012) further 
extend the endowment economy model to a production economy general equilibrium model. 
By introducing inflation ambiguity into a representative agent model, Ulrich (2013) explains 
the upward-sloping nominal yield curve with a log utility function. Our work is complemen-
tary to the existing papers discussed above since we focus on the real term premia rather than 



Chien and Lee

118      Second Quarter 2019 Federal Reserve Bank of St. Louis REVIEW

the nominal premia. Wachter (2006) uses a habit-persistence model to explain both the posi-
tive real and nominal bond premia. To maintain the consumption level, investors tend to sell 
long-term bonds during recessions and vice versa during expansions. Namely, the demand 
for long-term bonds is procyclical, which makes the bond price procyclical and hence the long-
term bond itself a risky asset. Rudebusch and Swanson (2012) find that the habit-formation 
mechanism in Wachter (2006) fails to generate a sizable term premia without distorting the 
behavior of other macroeconomics variables.

Our benchmark model generates a high and volatile equity premium with a 7.26 percent 
mean and a 15.63 percent standard deviation, as well as a low and stable risk-free return with 
a 0.95 mean and a 1.45 percent standard deviation—estimates quite close to those in the asset- 
pricing literature. Most importantly, our quantitative result also predicts a high real term 
premium: 1.92 percent for 30-year zero-coupon bonds. This article delivers a reasonable term 
premium result, with a risk aversion coefficient of 4. For the sensitivity analysis, we further 
investigate the role of our assumptions by removing each factor one by one.

Our main contribution to the literature is to provide a simple and intuitive story that can 
reconcile the puzzling disconnect between asset prices, equity and term premia in particular, 
and aggregate macroeconomic variables. The model in this article integrates the empirical 
facts of heterogeneous portfolios across households, as found in the household finance liter-
ature, and a mean-reverting aggregate consumption process, as found in the macroeconomics 
literature, to explain the real term-premia puzzle. Our model successfully delivers a positive 
sign for and significant magnitude of the real term premia. Specifically, we demonstrate the 
importance of the household portfolio heterogeneity documented in the macro-finance liter-
ature, while the majority of asset-pricing models rely on a representative agent framework 
with modifications to preferences.

2 THE MODEL
We consider an endowment economy in which households sequentially trade assets and 

consume. Two features distinguish our model from the standard model. First, our endowment 
(consumption) growth follows a slow mean-reverting process. After the realization of a bad 
endowment shock, the expected consumption growth rate edges up only slightly because of 
the trend-reverting property, which makes the autocorrelation of the consumption growth 
process slightly negative but very close to zero. Hence, our shock process is consistent with 
the empirical fact that consumption growth is well approximated by the random walk.

The second key feature of our model is that it exhibits ex-ante heterogeneity in the trading 
technologies. The trading technologies are modeled on the menu of assets, specifically by 
exogenously restricting the portfolios a household can trade and hold. The goal of these 
restrictions is to capture the observed portfolio behavior of most households. In our calibrated 
model, this form of ex-ante heterogeneity delivers a high market price of risk and hence helps 
to deliver sizable term premia.
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2.1 The Environment

There is a unit measure of households subject to both aggregate endowment growth risks 
and idiosyncratic income shocks. Households are ex-ante identical except for the trading 
technologies that they are endowed with. Ex post, these households differ in terms of their 
idiosyncratic income-shock realizations. All households face the same stochastic process for 
idiosyncratic income shocks, and all households start with the same present value of wealth.

In the model, time is discrete, infinite, and indexed by t = 0,1,2,… The first period, t = 0, 
is a planning period in which all trading takes place. We assume constant average growth of 
the endowment process and a transitory shock that makes the actual level of aggregate con-
sumption deviate from its long-term trend. More specifically, let mt be the percentage deviation 
of aggregate endowment from the growth trend. Then, the total endowment in period t, 
denoted by Yt, is

 lnYt = t ln g +mt ,

where g– is the average growth rate of the endowment. The output growth process is therefore 
affected by the evolution of mt, which is assumed to follow an AR(1) process:

 mt+1 = ρmt + εt+1 , εt+1 ∼ N 0,σε
2( ).

With this specification of the endowment shock process, the growth rate of output, denoted 

by gt+1 ≡
Yt+1

Yt
, is therefore given by

(1) lnYt+1

Yt
≡ lngt+1 = lng + ρ −1( )mt + εt+1 .

If ρ is 1, then the endowment process follows a random walk with drift, a difference-stationary 
process. If ρ is less than 1 but close to 1, then the endowment slowly reverts to trend, a trend- 
stationary process (a long-memory property). As mentioned in the Introduction, there is no 
clear evidence in favor of either a trend-stationary or difference-stationary process for macro-
economic variables, such as consumption or output. Our model follows the view of a trend- 
stationary endowment process with long memory. Hence, the value of ρ is set to 0.95 in the 
calibration.

Let zt denote the history of aggregate states up to period t, and hence let Yt(zt) denote the 
aggregate endowment is period t. In addition, aggregate endowment each period is divided 
into two parts: diversifiable income and nondiversifiable income. Claims to diversifiable 
income can be traded in financial markets, while claims to nondiversifiable income cannot. 
We assume a constant share of nondiversifiable income, denoted by γ  (0,1). The nondiver-
sifiable component is subject to idiosyncratic stochastic shocks, denoted by ηt. Nondiversi fi-
able household income is denoted by γYt(zt)ηt.

Similarly, let ηt denote the history of idiosyncratic shocks up to period t. In addition, we 
use π(zt,ηt) to denote the unconditional probability of state (zt,ηt) being realized. The idio-
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syncratic shock events are governed by a first-order Markov process, and their probabilities 
are assumed independent between z shocks and η shocks:

 π zt+1,ηt+1 zt ,ηt( )=π zt+1 z
t( )π ηt+1 η

t( ).
Since we can appeal to the law of large numbers, π(ηt) also denotes the fraction of agents 

in state zt that have drawn the history ηt. We introduce some additional notation: zt+1  zt or 
ηt+1  ηt means that the left-hand-side node is a successor node to the right-hand-side node. 
We denote by {zτ  zt} the set of successor aggregate histories for zt, including those many 
periods in the future; ditto for {ητ  ηt}. When we use , we include the current nodes zt or 
ηt in the set.

All households live for infinite periods and rank a stream of consumption according to 
the following criterion:

(2) U c{ }( )=
t ≥1, zt ,ηt( )

∞

∑ β t 1
1−α

ct zt ,ηt( )1−α π zt ,ηt( ),

where α denotes the coefficient of relative risk aversion, β denotes the time discount factor, 
and ct(zt,ηt) denotes household consumption in state (zt,ηt).

In this economy, there are four type of assets available: state-contingent claims on aggre-
gate shocks, a long-term bond (consol) with a constant stream of payments, risky equities, 
and one-period risk-free bonds. Note that the market is incomplete in our environment since 
there is no state-contingent claims available for idiosyncratic shocks. Equity is assumed to be 
a leveraged aggregate output process, with dividend growth determined by 

 ΔlnDt+1 = Et ΔlnYt+1( )+φ ΔlnYt+1 − Et ΔlnYt+1( )⎡⎣ ⎤⎦ ,

where ϕ is the leverage ratio, which is assumed constant over time. Finally, we denote the 
value of total equity by Vt(zt). The gross returns of leveraged equity, or Re

t,t–1(zt), are given by

(3) Rt ,t−1
e zt( )= Dt zt( )+Vt zt( )

Vt−1 zt−1( ) .

2.2 Heterogeneity in Trading Technologies

To match the size of the term premium, we introduce the segmented market mechanism, 
in particular portfolio heterogeneity at the household level. As mentioned in the Introduction, 
heterogeneity in portfolio choices is widely supported by the data. As we demonstrate later, 
the concentration of a large portion of aggregate risk in a relatively small fraction of house-
holds amplifies the price of risk in the calibrated model. Without such a mechanism, the model 
fails to match the size of the term premium quantitatively. To capture such portfolio hetero-
geneity, we adopt the approach by Chien, Cole, and Lustig (2011), which exogenously imposes 
different restrictions on investors’ portfolio choices. These restrictions apply to the menu of 
assets that households can trade as well as to the composition of households’ portfolios.
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There are two classes of investors in terms of their asset-trading technologies: Mertonian 
traders and non-Mertonian traders. Mertonian traders face no restrictions on their portfolio 
choices and hence a menu of tradable assets. Specifically, they are capable of trading a com-
plete set of contingent claims on the aggregate endowment. They optimally adjust their port-
folio choices in response to changes in the set of investment opportunities. Therefore, they 
act as market arbitrageurs and price aggregate risk in our model.

Non-Mertonian traders face restrictions on their portfolio choices. Specifically, their 
portfolio composition is restricted to be constant over time. There are two types of non- 
Mertonian traders: The first type, non-Mertonian equity investors, can trade equities, risk-
free bonds, and long-term bonds but not state-contingent claims on aggregate shocks. The 
second type, nonparticipants, do not hold equity but invest only in risk-free bonds and con-
sole bonds. Even though the portfolio composition of non-Mertonian traders is exogenously 
given, they can still choose how much to save and consume. 

Non-Mertonian investors deviate from the optimal portfolio choice in two dimensions: 
First, they cannot change the share of equities, long-term bonds, or short-term bonds in their 
portfolios in response to changes in the market price of risk, which indicates missed market 
timing. Second, their portfolio share in each asset might deviate from the optimal share on 
average, implying that their average exposure to aggregate risk might not be optimal. We 
denote the measure of different types of households by μj, where j  {me,et,np} represents 
Mertonian investors, non-Mertonian equity investors, and non-Mertonian nonparticipants, 
respectively.

2.3 The Household’s Problem

2.3.1 Budget Constraints of Mertonian Traders. Consider a Mertonian trader entering 
the period with net financial wealth at(zt,ηt–1) given the event history (zt,ηt–1). Note that net 
financial wealth is not spanned by the realization of idiosyncratic shocks, ηt, since there are 
no contingent claims on idiosyncratic shocks. At the end of the period, Mertonian traders 
buy shares of equities st(zt,ηt), one-period risk-free bonds bt(zt,ηt), long-term consol bonds 
bc

t(zt,ηt), and state-contingent claims, ât(zt,ηt–1) in financial markets, and consumption  
ct(zt,ηt) in the goods markets is subject to the following one-period budget constraint:

(4) 
st zt ,ηt( )Vt zt( )+bt zt ,ηt( )+btc zt ,ηt( )+ Q

zt+1
∑ zt+1 zt( )ât+1 zt+1 ,ηt( )+ ct zt ,ηt( )

≤ at zt ,ηt−1( )+γYt zt( )ηt, for all zt ,ηt ,

where Q(zt+1|zt) denotes the state-contingent price of a unit contingent claim to the consump-
tion good in aggregate state zt+1 acquired in aggregate state zt. The agent’s net financial wealth, 
at(zt,ηt–1), in state (zt,ηt) is given by the payoff from the agent’s portfolio last period:

(5) 
at zt ,η

t−1( )= st−1 zt−1 ,ηt−1( ) Dt zt( )+Vt zt( )⎡⎣ ⎤⎦+Rt ,t−1
f zt−1( )bt−1 zt−1 ,ηt−1( )

+Rt ,t−1
c zt( )bt−1c zt−1 ,ηt−1( )+ ât zt ,ηt−1( ),
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where Rc
t,t–1(zt) and Rf

t,t–1(zt–1) denote the return of a long-term consol bond and a one-period 
risk-free bond in period t, respectively. Note that the total equity share of this economy,  
st(zt,ηt), is normalized to 1.

2.3.1 Budget Constraints of Non-Mertonian Traders. The non-Mertonian traders have 
no access to state-contingent claims on aggregate shocks and are restricted to fixed portfolio 
weights among the equity, short-term risk-free bonds, and long-term consol bonds. At the 
end of period t, the households buy equity shares, one-period risk-free bonds, and long-term 
consol bonds, subject to a fixed target portfolio equity share and long-bond share, denoted 
by ω–e and ω–c, respectively. As a result, in addition to equations (4) and (5), their constraints 
also include a portfolio restriction,

 

ω e =
st zt ,ηt( )Vt zt( )

st zt ,ηt( )Vt zt( )+bt zt ,ηt( )+btc zt ,ηt( )
ω c =

bt
c zt ,ηt( )

st zt ,ηt( )Vt zt( )+bt zt ,ηt( )+btc zt ,ηt( ) ,

and no access to state-contingent claims

 ât zt ,ηt−1( )= 0 for all zt and ηt−1 .

The portfolio share of short-term bonds is therefore 1 – ω–e – ω–c. 
Alternatively, we can simplify the budget constraint of non-Mertonian traders as follows:

 ŝt zt ,ηt( )+ c zt ,ηt( )≤ Rt ,t−1
p zt( )ŝt−1 zt−1 ,ηt−1( )+γYt zt( )ηt ,

where ŝt denotes the asset holdings at the end of period t. Rp
t,t–1(zt) represents the gross return 

on the fixed portfolio imposed on the non-Mertonian traders and is given by

 Rt ,t−1
p zt ,ηt( )=ω eRt ,t−1

e zt( )+ω cRt ,t−1
c zt( )+ 1−ω e −ω c( )Rt ,t−1

f zt( ).
In the case of nonparticipants, ω–e is zero.

Finally, all households are subject to nonnegative net wealth constraints, given by  
at(zt,ηt–1) ≥ 0 for Mertonian and ŝt(zt,ηt) ≥ 0 for non-Mertonian traders. The details of the 
household problem and its associated optimal conditions are provided in Appendix A.1. 

2.4 The Competitive Equilibrium

The competitive equilibrium for this economy is defined in the standard way. It consists 
of a consumption allocation, allocations of state-contingent claims, one-period risk-free bonds, 
long-term consol bonds, and equity choices as well as a list of prices such that (i) given these 
prices, households’ assets and consumption choices maximize the households’ expected utility 
subject to the budget constraints, the solvency constraints, and the constraints on their port-
folio choices and (ii) all asset markets clear.
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3 QUANTITATIVE RESULTS
This section performs a quantitative exercise of our model. The next two subsections 

explain how we calibrate idiosyncratic shocks and aggregate shocks as well as the pool of 
traders in the benchmark case. Next, we briefly describe the real Treasury yields observed in 
the data. Finally, we report our benchmark asset-pricing quantitative results, especially the 
size of the real term premia, in Subsection 3.4.

3.1 Calibration

The calibration of aggregate shocks is critical to our results. The aggregate endowment 
process is assumed to have a constant growth trend and an innovation term that makes the 
realization of output deviate from its trend:

 lnYt = t lng +mt ,

where g– is the average growth rate of the endowment and the deviation from trend is captured 
by a variable m, which is assumed to follow the AR(1) process

 mt+1 = ρmt + εt+1 , εt+1 ∼ N 0,σε
2( ).

We use a two-state Markov process to approximate the independent and identically distrib-
uted innovation εt. More specifically, since expansions occur more often than recessions, the 
probability of a good innovation shock is set to 27.4 percent, as in Alvarez and Jermann (2001). 
However, the expected endowment growth rate in each period depends on how far the current 
consumption level has deviated from its trend, which depends on the whole past history of 
innovation shocks. In computation, we therefore have to keep track of one extra state variable, 
m, in order to compute the conditional expected growth rate.

Our model operates at an annual frequency. The average aggregate consumption growth 
rate g– is set to 1.8 percent with a standard deviation of 3.15 percent. Given that the aggregate 
consumption growth data are well approximated by the random walk in the short run, the 
persistency of m has to be high. We set ρ = 0.95, which makes the consumption growth auto-
correlation of –0.02 sufficiently close to zero. 

We also consider a two-state first-order Markov chain for idiosyncratic shocks. The first 
state is low and the second state is high. Following Alvarez and Jermann (2001) and Storesletten, 
Telmer, and Yaron (2004), we calibrate the shock process by two moments: the standard 
deviation of idiosyncratic shocks and the first-order autocorrelation of the shocks, except we 
eliminate the countercyclical variation in idiosyncratic risk. The Markov process for the log 
of the nondiversified income share, lnη, has a standard deviation of 0.71 and an autocorrela-
tion of 0.89. The transition probability is denoted by

 π ′η η( )= 0.945 0.055
0.055 0.945

⎡
⎣⎢

⎤
⎦⎥
.
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The two states of the idiosyncratic shock, for which the mean is normalized to 1, are  
ηL = 0.3894 and ηH = 1.6106.

All households have the identical constant relative risk aversion preference. In our cali-
bration, there are strong incentives for household to save because of idiosyncratic shocks in 
an incomplete-market environment, which causes the risk-free rate to be lower than the recip-
rocal of the preference discount factor β, even in a growing economy As a result, we set the 
time discount factor to β = 0.95 to match the low risk-free rate in our benchmark model. The 
risk-aversion rate α is set to 4 to produce a high risk premium in our benchmark calibration.

Following Mendoza, Quadrini, and Rios-Rull (2009), the fraction of nondiversifiable out-
put is set to 88.75 percent. As shown in Section 2, equity in our model is simply a leveraged 
claim to the diversifiable income process. Following Abel (1999) and Bansal and Yaron (2004), 
the leverage ratio parameter is set to 3.

3.2 The Composition of Traders

In the model, 50 percent of U.S. households are stock market nonparticipants, as in the 
2010 SCF data. The remaining 50 percent do hold equities, and we divide them into non- 
Mertonian equity traders and Mertonian traders as discussed. To match the high risk premia, a 
small fraction of Mertonian traders must absorb a large amount of aggregate risk. We therefore 
set the fraction of Mertonian traders to 5 percent for our benchmark economy. The remaining 
fraction of households, 45 percent, are classified as non-Mertonian equity traders, who can 
own constant portfolio shares in short risk-free bonds, long-term risky bonds, and equities.

In addition to the equity market participation rate, the portfolio shares of non-Mertonian 
traders are also important parameters. Again, we use the 2010 SCF data to calibrate the port-
folio share of non-Mertonian equity traders and non-participants in our model, which account 
for 45 percent and 50 percent of the population, respectively.

To identify the portfolio choice of the non-Mertonian equity traders, we must first sort by 
equity position the 50 percent of households in the data that hold equities and then compute 
the average equity share excluding the top 5 percent of equity holders. The average computed 
equity share is 21.1 percent, which we use as the equity share of non-Mertonian equity traders 
in the benchmark case. This calibration reflects the observations both from the data and from 
our model that more sophisticated households tend to hold larger amounts of equities.

3.3 The Real Yield Curve in the Data

Using the constructed international data on zero-coupon yields, Wright (2011) demon-
strates that nominal term premia are estimated to be positive among 10 industrialized countries. 
However, we do not observe the real term premium directly from the data and the positive 
nominal term premia do not necessarily imply positive real term premia, because of inflation 
risk. Strong empirical evidence supporting the real term premia comes from the real Treasury 
yield. The average real Treasury yields for 5-year, 7-year, and 10-years maturities are listed in 
Table 1 for different sample periods. For 2003 to 2007, the average 5-year, 7-year, and 10-year 
real Treasury yields are 1.646 percent, 1.871 percent, and 2.061 percent, respectively, which 
indicates a positive real term premium. The real yield data decrease after 2009 as the sample 



Federal Reserve Bank of St. Louis REVIEW Second Quarter 2019      125

Table 1
The Real Treasury Yield

Period/Maturity 5-year 7-year 10-year

2003 to 2007 1.646 1.871 2.061

2003 to 2009 1.513 1.757 1.962

2003 to 2011 1.160 1.452 1.715

2003 to 2013 0.772 1.082 1.367

2003 to 2015 0.658 0.968 1.226

SOURCE: U.S. Department of Treasury; https://www.treasury.gov/resource-cen-
ter/data-chart-center/interest-rates/Pages/TextView.aspx?data=realyield.

Table 2
Quantitative Results

Case Benchmark No mortgage No NME No HTT RA economy

Mertonian 5% 5% 50% 100% 100%

Non-Mertonian equity 45% 45% 0% 0% 0%

Nonparticipant 50% 50% 50% 0% 0%

ωet (0.211,–0.195) (0.211,0) NA NA NA

ωnp (0,–0.537) (0,0) NA NA NA

E(Rzc30 – Rf ) 1.924 1.713 0.678 0.427 0.532

σ Q( )
E Q( ) 0.475 0.464 0.204 0.135 0.133

Std
σ t Q( )
Et Q( )

⎛
⎝⎜

⎞
⎠⎟

9.766 9.494 1.077 0.033 0.000

E(Re – Rf ) 7.262 6.937 2.602 1.697 1.741

σ Re −Rf( )
E Re −Rf( ) 0.465 0.455 0.204 0.135 0.132

E(Rf ) 0.949 1.206 3.485 3.923 11.714

σ(Rf ) 1.449 1.296 1.326 1.365 2.049

NOTE: Parameter settings: risk aversion rate, γ = 4; discount factor, β = 0.95; nondiversifiable share of income, γ =0.885; 
and leverage ratio: ф = 3. NME, non-Mertonian equity trader. HTT, heterogeneous trading technologies. RA, representa-
tive agent. The simulation results are generated by an economy with 3,000 agents and 10,000 periods.
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periods become longer. This is because the short-term real rate becomes negative. However, 
the sizable positive real term premia implied by the data should remain robust to the different 
sample periods.

3.4 Benchmark Results

The benchmark asset-pricing results are shown in the “Benchmark” column in Table 2. 
First, we report the real term premia of our model, defined as the average yield difference 
between a 30-year and a 1-year zero-coupon bond, denoted by E(Rzc30 – R f ). In addition, 
Table 2 also includes the market price of risk, σ(Q)/E(Q); the conditional standard deviation 
of the market price of risk, std(σ(Q)/E(Q)); the equity premium E(Re – R f ), the Sharpe ratio 
on equity returns E(Re – R f )/σ(Re – R f ); the average risk-free rate E(R f ); and the standard 
deviation of the risk-free rate σ(R f ).

As explained earlier, the long bond is risky because its price tends to fall during recessions, 
which is simply a result of higher expected growth after recessions. In our benchmark case, 
the average term premium of a 30-year zero-coupon bond is 1.924 percent. To illustrate the 
upward-sloping real yield curve, Figure 1 plots the yield curve of zero-coupon bonds.

In addition, our benchmark economy produces a high and volatile market price of risk 
as well as a low and stable risk-free rate. These asset-pricing statistics are hard to match in 
standard macroeconomic model, as indicated by Mehra and Prescott (1985). In the benchmark 
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Figure 1
The Average Real Yield Curve in the Benchmark Case, the Zero-Coupon Bond
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case of Table 2, the market price of risk is high, 0.475, and volatile, with a standard deviation 
of 9.766 percent. The equity premium reaches 7.262 percent, and the Sharpe ratio on equity 
is 0.465. The average risk-free rate is low at 0.949 percent, and its volatility is only 1.449 percent. 
Hence, our calibrated model is capable of producing reasonable asset-pricing results. In our 
model, the success of matching high-risk premia and low risk-free rates relies on two key 
frictions. The first friction is the incomplete market with respect to idiosyncratic risk. It is 
well known that incomplete-market models can produce reasonable risk-free rates in a grow-
ing economy. The second friction, which is limited participation combined with a relatively 
small fraction of Mertonian traders, produces a high equity premium by concentrating aggre-
gate risk on Mertonian traders.

Our results show the mechanism of our model is able to deliver positive term premia of 
sufficient magnitude. This success comes from imposing the trend-reverting consumption 
process and heterogeneous portfolio choices into an otherwise standard macroeconomic 
model. In the next section, we explore the relative importance of these assumptions.

4 TREND REVERTING VERSUS A RANDOM WALK
The trend-reverting endowment process is important to our results. If the endowment 

growth process truly follows a random walk, then long-bond returns do not necessarily fall 
during recessions and hence the standard model might fail to generate even a positive bond 
premium. In this subsection, we demonstrate this point analytically in the representative 
agent economy.

Given the assumption of our shock process, the following lemma describes the expres-
sion for the term premia as well as its property in a representative agent economy.

Lemma 1. The unconditional expectation of the term premium for a k-period zero-coupon bond is

(6) E rt
k − rt

1⎡⎣ ⎤⎦ = 1− 1
k
1− ρ 2k

1− ρ 2
⎡

⎣
⎢

⎤

⎦
⎥
α 2σε

2

2
.

In addition, the term premium, E[rk
t – r l

t ] is increasing in k given 0 < ρ < 1.

Proof. Please refer to Appendix Section A.2.

With 0 < ρ < 1 in the representative agent economy, Lemma 1 not only shows a positive 
term premium but also shows that the term premium is increasing in k, an indication of an 
upward-sloping real yield curve. However, if ρ = 1, the random-walk case, the average term 
premium shown in equation (6) becomes zero and independent of k. The independence 
implies a flat yield curve.

This result is not surprising in the sense that the autocorrelation of the consumption 
growth rate is negative when 0 < ρ < 1 and becomes zero when ρ = 1. This can be seen clearly 

from the fact that cov lngt+1, lngt( )= − 1− ρ
1+ ρ

⎛
⎝⎜

⎞
⎠⎟
σ 2 < 0 if ρ < 1. However, if ρ is sufficiently close 

to 1, then the consumption growth correlation is close to zero, which is not far from what we 
observe in the data.
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The quantitative results of a representative agent economy with a trend-reverting process 
are reported in the “RA economy” column of Table 2. The term premium is positive, as shown 
in this subsection. However, the term premium is not sizable, at only 0.487 percent, because 
of the absence of a high market price of risk, which drops significantly to only 0.133 from 
0.475 in our benchmark economy.

5 INSPECTION OF THE MECHANISM
In our benchmark economy, two features quantitatively contribute to the sizable real term 

premia: the heterogeneous trading technologies and the mortgage effects. In this section, we 
decompose the contribution of each feature by removing each one from our benchmark 
economy.

5.1 No Mortgage Effects

Part of the real bond risk premia could be from the asymmetric bond portfolio holdings 
across households, which is motivated by the heterogeneous amounts of mortgages held across 
households. Here, we simply shut down this channel by assuming that both nonparticipants 
and non-Mertonian equity holders do not have a position on long-term bonds. The “No 
mortgage” column of Table 2 reports the results. We find that this asymmetric bond portfolio 
channel has minor effects on the market price of risk and equity risk premia. The market price 
of risk decreases slightly, from 0.475 to 0.464, as does the standard deviation of the market 
price of risk, from 9.766 percent to 9.494 percent. The equity premium decreases 32.5 basis 
points to 6.937 percent. The risk-free rate increases to 1.206 percent from 0.949 percent, and 
the standard deviation of the risk-free rate decreases to 1.296 percent from 1.449 percent.

As for the impact on the real term premia, the 30-year term premium drops by 21 basis 
points. This exercise revels that the asymmetric portfolios in terms of bond maturity play only 
a minor role in increasing bond risk premia.

5.2 No Non-Mertonian Equity Traders

In this subsection, we highlight the importance of distinguishing between Mertonian 
traders and non-Mertonian equity traders. Both types of traders hold equity, and hence it is 
not easy to distinguish between them in the data. In fact, most of the work in the segmented 
market literature does not consider the possibility of different types of equity market partici-
pants. We remove the differences between these two types of equity market participants and 
assume all are Mertonian traders. The assumption of a trend-reverting process for the endow-
ment growth rate remains unchanged. The results are reported in the “No NME” column of 
Table 2.

With half of total households now Mertonian traders and able to absorb the residual risk 
created by nonparticipants, aggregate risk is not concentrated enough quantitatively. The 
market price of risk and the term premium are greatly reduced. Quantitatively, the market 
price of risk drops significantly to 0.204 from 0.475. The equity premium is only 2.602 percent, 
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and the term premium for a 30-year zero-coupon bond drops significantly, to only 0.678 
percent.

This sensitivity analysis suggests that a high market price of risk is essential to our results. 
The large fraction of nonparticipants and few equity market participants not only helps to 
match the high and volatile equity risk premia, but also goes a long way to increasing the real 
bond risk premia.

5.3 No Heterogeneous Trading Technologies

In this subsection, we remove totally the heterogeneous trading technologies assumed in 
the model. All households are now Mertonian traders and face no restriction on their portfolio 
choices. The results are reported in the “No HTT” column of Table 2. With the force of hetero-
geneous risk loading completely absent, the model acts similar to a Bewley-type model and 
exhibits low risk premia. The market price of risk, the equity premium, and the term premium 
are all small and close to those in a representative agent model.3

6 CONCLUSION
We find that a slow mean-reverting shock process of consumption growth and a seg-

mented asset-market mechanism with a heterogeneous trading technology can quantitatively 
account for the positive and sizable term premium for bonds as suggested by the data. The 
slow mean-reverting consumption process explains the positive term premia, although the 
size of the premia is still very small quantitatively. Our quantitative exercise shows that with 
this slight modification of the aggregate shock process, the long-term bond is risky because 
the risk-free rate is slightly countercyclical, even in the representative agent model. The seg-
mented market mechanism with a heterogeneous trading technology and an asymmetric bond 
position across households can amplify the size and magnitude of the term premia while 
raising the market price of aggregate risk.

We think our model is the first step in resolving the inconsistency between theoretical 
macroeconomic models and the empirical asset-pricing findings of the yield curve, with no 
modification of preferences. There are two obvious directions for future research that can 
improve the model. For the asset-pricing literature, one can enrich the model by additionally 
introducing a long-term consumption growth shock in order to match more properties of 
real bond premia found in the empirical literature. For macroeconomics, our mechanism does 
not rely on the modification of preferences, and the behavior of asset pricing is pinned down 
by a relatively small set of marginal investors in a segmented market mechanism. Therefore, 
the consumption and saving behaviors of most households stay close to those in a standard 
macroeconomic model. It is more likely that our results extend to a general equilibrium pro-
duction economy without comprising dynamics of other macroeconomic variables. n
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APPENDIX 

A.1 THE TIME-ZERO TRADING HOUSEHOLD PROBLEM
This appendix describes an equivalent version of this economy in which all households 

trade at time zero. The time-zero price of a claim that pays one unit of consumption in node 
zt can be constructed recursively from the one-period-ahead Arrow prices:

 P zt( )π zt( )=Q zt z
t−1( )Q zt−1 z

t−2( )…Q z1 z
0( )Q z0( ).

The net financial wealth position of any trader given the trader’s history can be stated as

 −at zt ,ηt( )=
s≥t
∑

zs ,ηs( )± zt ,ηt( )
∑ %P zs,η s( ) γY zs( )ηs − c zs,η s( )⎡⎣ ⎤⎦ ,

where %P zt ,ηt( )=π zt ,ηt( )P zt( ). From the above equation, we are able to write the household 
problem in the form of a time-zero trading problem, as shown in the next subsection.

A.1.1 The Household Optimization Problem

Following Chien, Cole, and Lustig (2011), we state the household problem in this Arrow- 
Debreu economy.

We start with the Mertonian traders’ problem in the home country. There are two con-
straints. Let χ denote the multiplier on the present value budget constraint and φ(zt,ηt) denote 
the multiplier on debt constraints. The saddle-point problem of a Mertonian trader can be 
stated as follows:  

 

L = χ ,υ ,ϕ{ }
min

c{ }
max β t

t=1

∞

∑ 1
1−αzt ,ηt

∑ c zt ,ηt( )1−α π zt ,ηt( )

+ χ %P zt ,ηt( ) γY zt( )ηt − c zt ,ηt( )⎡⎣ ⎤⎦+a0 z0( )
zt ,ηt( )
∑

t=1

∞

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

− ϕt zt ,ηt( )
zs ,ηs( )± zt ,ηt( )

∑ %P zs,η s( ) γY zt( )ηs − c zs,η s( )⎡⎣ ⎤⎦
s≥t
∑

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪zt ,ηt( )
∑

t=1

∞

∑ .

 

The first-order condition with respect to consumption is given by

(7) β
t
c zt ,ηt( )−α =ζ zt ,ηt( )P zt( ) for all zt ,ηt( ),

where ζ(zt,ηt) is defined recursively as

 ζ t zt ,ηt( )=ζ t−1 zt−1,ηt−1( )−ϕt zt ,ηt( )
with initial ζ0 = χ. It is easy to show that this is a standard convex constraint maximization 
problem. Therefore, the first-order conditions are necessary and sufficient.

Non-Mertonian traders face additional restrictions on their portfolio choices. Let vt(zt,ηt) 
denote the multiplier on portfolio restrictions. Given the same definition of other multipliers 
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as in the active-trader problem, the saddle-point problem of a nonparticipant trader whose 
assets at the end of the period are ât–1(zt–1,ηt–1) can be stated as

 

L = χ ,υ ,ϕ{ }
min

c,ŝ{ }
max β t

t=1

∞

∑ 1
1−αzt ,ηt

∑ ct zt ,ηt( )1−α π zt ,ηt( )

χ %P zt ,ηt( ) γY zt( )ηt − c zt ,ηt( )⎡⎣ ⎤⎦+a0 z0( )
zt ,ηt( )
∑

t=1

∞

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

+ νt zt ,ηt( )
Σs≥tΣ zs ,ηs( )± zt ,ηt( )

%P zs,η s( ) γY zs( )ηs − c zs,η s( )⎡⎣ ⎤⎦

+ %P zt ,ηt( )Rt ,t−1
p zt( )ŝt−1 zt−1,ηt−1( )

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪zt ,ηt( )
∑

t=1

∞

∑

− ϕt zt ,ηt( )
zs ,ηs( )± zt ,ηt( )

∑ %P zs,η s( ) γY zs( )ηs − c zs,η s( )⎡⎣ ⎤⎦
s≥t
∑

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪zt ,ηt( )
∑

t=1

∞

∑ .

The first-order condition with respect to consumption is given by

 β
t
c zt ,ηt( )−α =ζ zt ,ηt( )P zt( ) for all zt ,ηt( ),

where ζ(zt,ηt) is defined as

 ζ t zt ,ηt( )=ζ t−1 zt−1,ηt−1( )+νt zt ,ηt( )−ϕt zt ,ηt( ).
Therefore, the first-order condition with respect to consumption is independent of trading 
restrictions. The first-order condition with respect to total asset holdings at the end of period 
t–1, ŝt–1(zt–1,ηt–1) is

 Rt ,t−1
p

zt ,ηt
∑ zt( )vt zt ,ηt( )P zt( )π zt ,ηt( )= 0 for all zt ,ηt .  

This condition varies according to the different trading restrictions.

A.1.2 Stochastic Discount Factor 

By summing the first-order condition with respect to consumption, equation (7), across 
all domestic households at period t, we obtain the consumption sharing rule as follows:

 
c zt ,ηt( )
C zt( ) =

ζ zt ,ηt( )−
1
α

ht zt( ) ,

where ht(zt) is defined as ht zt( )≡
ηt
∑ζ zt,ηt( )−

1
α π ηt( ). In addition, by plugging the consump-

tion sharing rule back into to the first-order condition with respect to consumption, equation 
(7), we obtain the price of the home consumption basket at state zt:

 P zt( )= β tC zt( )−α ht zt( )α .
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Therefore, the stochastic discount factor is given by the Breeden-Lucas stochastic discount 
factor with a multiplicative adjustment:

 Qt+1 zt+1 zt( )≡ P zt+1( )
P zt( ) = β

C zt+1( )
C zt( )

⎛

⎝
⎜

⎞

⎠
⎟

−α
ht+1 zt+1( )
ht zt( )

⎛

⎝
⎜

⎞

⎠
⎟

α

.

A.2 PROOF OF LEMMA 1
Given that our assumed growth rate of output is gt+1 = ge ρ−1( )mt+εt+1 the one-period-ahead 

pricing kernel is Mt ,t+1 = βg
−αe−α ρ−1( )mte−αεt+1. The price of a one-period bond is therefore

 Pt
1 = EtMt,t+1 = βg

−αe−α ρ−1( )mte
α 2σε

2

2 ,

which is a function of the current deviation from trend mt. The one-period yield is then

 rt
1 = −lnPt

1 = −lnβ +α lng +α ρ −1( )mt −
α 2σε

2

2
.

We derive the price of a k-period zero-coupon bond and its yields as follows:

  

Pt
k = Et Mt ,t+k⎡⎣ ⎤⎦ = Et ∏

τ+0

k−1
Mt+τ ,t+τ+1

⎡
⎣⎢

⎤
⎦⎥

= β k g −kαe−α ρ−1( ) ∑τ=0
k=1 ρτ⎡⎣ ⎤⎦mte

∑τ=0
k−1 ρ2τ⎡⎣ ⎤⎦

α 2σε
2

2 ,

rt
k = 1

k
lnPt

k

= −lnβ +α lng +α ρ −1( )1
k
1− ρ k

1− ρ
mt − 1− ρ

2k

1− ρ 2
α 2σε

2

2
.

The term premium at period t for a k-period zero-coupon bond is

 rt
k − rt

1 =α 1− ρ( ) 1− 1
k
1− ρ k

1− ρ
⎡

⎣
⎢

⎤

⎦
⎥m

t +1 1− 1
k
1− ρ 2k

1− ρ 2
⎡

⎣
⎢

⎤

⎦
⎥
α 2σε

2

2
,

which is again a function of mt. Taking the unconditional expectation of rk
t – r l

t gives equation 
(6) because of E(mt ) = 0.

Moreover, we want to show that the term premium is increasing with k, that is, for 
∂E rt

k − rt
1⎡⎣ ⎤⎦

∂k
> 0 for k > 1. First, notice that ρ 2k 1− lnρ 2k( )<1 because (i)

limρ2k→1ρ
2k 1− lnρ 2k( )=1 and (ii)

 
∂ ρ 2k 1− lnρ 2k( )⎡⎣ ⎤⎦

∂ρ 2k = −lnρ 2k > 0 if ρ 2k <1.

Second, by using the fact that ∑τ=0
k−1 ρτ = 1− ρ

2k

1− ρ 2 , the average term premium can be rewritten as
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 E rt
k − rt

1⎡⎣ ⎤⎦ =
α 2σε

2

2
− α 2σε

2

2 1− ρ 2( ) ×
1− ρ 2k

k

and hence the derivative of E[rk
t – r l

t] with respect to k is

 
∂E rt

k − rt
1⎡⎣ ⎤⎦

∂k
= α 2σε

2

2 1− ρ 2( ) ×
1− ρ 2k 1− lnρ 2k( )

k2

> 0 if ρ < 1 and k >1.

The last inequality uses the fact that ρ2k(1 – lnρ2k) < 1 if ρ2k < 1.

NOTES
1 The standard equilibrium macroeconomic model refers to the classical representative agent complete-market 

model, such as the one in Mehra and Prescott (1985). See also Grkaynak and Wright (2012) for a review of issues 
related to term premia.

2 In this article, the terms “household,” “trader,” and “investor” are used interchangeably.

3 The statistics for the representative agent economy are reported in the “RA economy” column of Table 2. 
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